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FOREWORD

The increasling contribution of mathematics to the culture of
the modern worlu, as well as its impor*tance as a vital part of
scientific and humanistic education, has made it essential that
the mathematics In our schools be both well selected and well taught.

With this in mind, the various mathematical organizations in
the United States cooperated in the formation of the School Mathe-

wmatics Stuay Group., This Study Group includes college and univer-

sity mathematliclians, high school teachers of mathematics, experts in
education, and representatives of science and technology. The gen-
eral objective of the Study Group is the improvement of the teaching
of mathematics in the schools of this country. The National Science
Foundation has provided substantial funds for the support of this
enieavor,

One of the prerequisites for the improvement of the teaching
of mathematics In our schools is an improved curriculum--one which
takes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time one
which reflects recent advances in mathematics itself. One of the
first projects undertaken by the Schovl Mathematics Study Group was
to enlist a group of outstanding mathematicians and mathematics
teachers to prepare a series of high school textbooks which would
1llustrate such an improved curriculum. This textbook is based upon
14 experimental units which comprised a first product of this proj-
ect.

. The professicnal mathematicians in the Study Group believe that
the mathematics presented in this text is important for all well-
educated citizens in our society to know and that it is also impor-
tant for the pre-college student to learn in preparation for advanced
work in the fleld. At the same time, the high school teachers in the
Study Group bellieve that it is presented in such a form that it can

- be readily grasped by sturients.

-

In most instances the material presented will have a familiar
note to it, but the flavor of presentation, the point of view, as it
were, will be different. Some material will be entirely new to the
traditioral curriculum. This is as it should be, for mathematics is
a living and an ever-growing subject, and not a dead and frozen
product of antiquity. This healthy fusion of the 0ld and the new ,
should lead a student to a better understanding of the basic concepts
and structure of mathematics and provide a firmer foundazion for
understanding and use of mathematics in a scientific society.

It is not intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level. Instead, it should be thought of as a sample of the kind of
improved curriculum that we need and as a source of suggestions for
the authors of the commerclal textbooks of the future. It is sin--
cerely hoped that these texts will lead the way toward inspiring a .
more meaningful teaching of Mathematics, the Queen'and Servant of
the Sciences,

(&)
)
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PREFACE

Fourteen experimental units for use in the seventh and
elghth grades were written in the summer of 1958 and tried
out by approximately 100 teachers in 12 centers in various
parts of the country in the school year 1958-59., Some of the
chapters of this book are quite similar to the corresponding
experimental units, and in others there are some important
cnanges. Several of the chapters are entirely new. The
‘changes and additions are based both on the teachers! comments,
on their experile.ce in teaching the experimental units,and on
knowledge of modern needs. The materials are also carefully
chosen to provide adequate preparation for the text materials
prepared for use 1ln grades 9 through 12 by SMSQG.

Big 1deas of Junlior high school mathematics, emphasized
in this text are: structure of arithmetic from an algebraic
viewpoint; the real number system as a progressing develop-
ment; metric and non-metric relations in geometry. Throughout
the materials these ideas are assoclated with their applica- -
tions, Important at this level are experience with and appre-
clation of abstract concepts, the role of definition, develop-
ment of precise vocabulary and thought, experimentation, and
proof. Substantial progress can be made on these concepts in
the Junior high school.

Mathematics is fascinating to many persons because of its
opportunities for creation and discovery as well as for its
utility. It is continuously and rapidly growing under the
prodding of both intellectual curiosity and practical appli-
cations. Even Jjunior high school students may formulate
mathematical questions and conjectures which they can test and
perhaps settle; they can develop systematic attacks on mathe-
matical problems whether or not the problems have routine or
immediately deferminable solutions. Recognition of these
important factors has played a considerable part in selection
of content and method in this text.

We fimmly believe mathematics can and should be studied
with success and enjoyment. It is our hope that this text
may greatly assist all teachers who use it to achieve this
highly desirable goal. )



Unit 1

NUMBER LINE AND COORDINATES

¥
1-1. The Number Line

The number line can be very helpful in studying the numberé
thch-we use and in finding out more about their properties. Let
us think of the~nnmber line és being represented by the line in
the drawing, It extends indefinitely far in both directions.

]

Figure 1-1la

The set of points on the ray to the right of 0 has 0 as the
point farthest to the left but there is no point on this ray which
1s farthest to the right. There are more points on it than there
are gralns of sand on all the seashores-of the world. There are
a great many numbers too. Do you think that there are more num-
bers than there are points on 2 ray or more points on a ray than
there are numbens? Is there a greatest number? If ydu think of
a very large number, you could think of one still greater Just
by adding 1 to the number you have in mind. Then you could add
1 to that number to get a greater number, and so on and on, All
this says that if we start writing the whole numbers
- 0,1, 2, 3,4, 5,6, ... |
we could never finish the task of writing them, even if we lived
a long time 'and had a place where we could write them.

Let us set up a one-to-one correspondence vetween the whole

numbers and some of the points on the number line. We will db it

o Braid



2 ' l1-1
this way. First, select a point on the number line and associate
it with the number 0O, and label the point 0. Next we select a
segment whose measure of length is one unit. This unit may be 1

inch, 1 foot, or Just any segment that we choose for our unit

length. For example, we may choose the segment P - ¢ and
|

use it for the segment whose méasure is 1 unit.

Now from the point 0 on the number line measure a distance
of 1 unit to the right of 0 to locate the point which we will
assoclate with the number 1. (Although we usually label points
with capital letters we willl use the number associated with each
point to label the point just for the sake of simplicity in the
Figure.) Next, from the point labeled 1 measure a distance of 1
unit €o the right to locate the point to be associated with the
number 2. Label this poin® with 2. 1Is it easy to see how the
points thch are labeled 3, 4, 5, 6 have been located? How would
you locate the point which you woulid label 109

Can we associate fractions with points on the line? Let us

first consider the fractions whose denominators are 2: -%,-%,.%,
-g,-%,--- . In order to obtain a segment whose measure is-% we

simply get a segment whose length is-% of the unit segment, Then
frém the point O measure the length of this half-segment to tne
right of 0. This locates the point with which we associate the
nuhber % and we label the point -é- The points %, g, % are
located by repeatgd measuring along the number line with the

. segment whose length is é-unit.

10
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In order to associate points on the number line with fractions
whose denominators are 3 we proceed very much as above. Instead
of using a length which 15-% of the unit segment we use one which

is %-of the unit segment and measure this length successively to

the right of 0. In this way we locate the points.%,-g,-g,-g, cen,
Simila¢1y, points are located on the number line which are asso-
clated with fractions whose denominators are 4, 5, 6, 7---. Some.
of these are shown &n the Figure 1-1b. | |

Does it appear that we would "use up" all the points on the
ray to the right of 0 if we associated each fraction and each
counting number with a poiﬁt on the number line? 'The answer is
that there would still be points not associated with any number--
but we will leave further explanation until we get to Chapter V,
We have not said anything\hbout associating nfmbers with points
on the ray to the left of 0 and now we should do that. ‘

Before we try to associate numbers with the points on the
.ray to the left of O let us talk about something that is familiar
to you, a thermometer scale, We have drawn one in Figure 1l-lc.
The line on which the scale is indicated is not vertical as the ‘
thermometer scale usually 1s, but it i: horizontal so that it will
look more like the number line. If tha temperature is zero, the

end of the column of fluid in che thermometer stem 1s at O on the

scale. If the temperature rises the fluld expands and the enhd of

h—‘ L3
L
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the fluid column moves toc the right. -When this happens we read
the temperature by saying '"it 13126 degrees above zercﬁ,if the
end of the cplumn is at 26 on the scale toithe right of 0.. If
the temperature decreases so that the and/éf the column 1is to

the left of the point O we read the tempgéature by saying "it is
10 degrees below zero",if the end of tEcholumn is at 10 on the
scale to the left of 0. The expressions 26 degrees above zero"
and "10 degrees below zero" are freqpéntly abbreviated by the use

of symbois + and -. These symbols are not used to indicate add-

ition and subtraction but Just to indicate directions on the scale

from the point O. Hence we will write +26° and (-100) to indicate

these two temperatures, We will call the ¢+ symbol the positive

sign and the - symbol the negative sign when they are used in

this manner. Hence any, temperature reading on the scale to the

lef't of 0 is a negative reading and any one tc the right of 0 1is

/
a positive reading./”We do not say that one 1s a minus temperature

/

and the other a plus temperature., Thus, (-10°) is read negative
ten degrees and iﬁ means 10 degrecs below zero while +26° is read

positive twenty-six degrees and means 26 degrees‘abové zero,
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Class Exercises l-1la -

(All the questioné refer to the.thermometer scale'in Figure l-le.)

1. Read and write the temperature if the end of the fluid column
is at each of the folﬂbwin@?}mints on ‘the snale; A, B, C, 0,
D, E, F, 6.

2. Whe; reading the temperature for the péint N 6n the scale did
you need to use either the symbol‘+ or -? |

3. What Is the temperature if the end of the fluid column is

(a) Midway between A and G2 -

(b) Midway between A and C?
(c) Midway between B and D?
-(d) Midway between G and E?
(e) . Midway between B and F?
- L, If the temperature is o° and rises 200 what 1s the temperature

then? If 1t is 0° and falls 10°7? If 1t is -10° and rises
10°2 If i1s 10° and falls 20°? If it 1s 20° and falls 10°9

'SL Cdpy the following table and fill in the missing numbers.

A

Original Temperature Temperature after
Temperature ‘ Rises the change
‘ +10° . 10°
-10° 10°
10° 10°
T10° ~20°
_40° -30°
v o° . ' +.200
30° 40°
300 i OO S
20° ; -10°
30° ‘ ~20°

I3
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6. Copy .the following table and F1ll in the missing numbers.

Original ' Temperature Temperature after
Temperature ./ Falls the change
. —
-20° 20° .
-20° 10°
- a20° 40°
o -10° v 20°
, * ' o o
| 30 v 0 : ]
10° -10°
10° -20° ,
20° . -20°
\\ 10 o)

1-2. Negative Numbers

In the table in problem 5 you have been adding numbers to
other numbers, some of which were positive and some negative,
This thermometer scale suggests a way of obtainling numbers -which.
we can associate with points on the number line and also suggest?
that the numbers which we intfoduce can be added, Alsa, ﬁhe
" way of writing the numbers on the left ray is‘suggested by the
thermometer scale. But, there are no numbers assaciated with
points on the left ray,yeé, because we havé not iptroduéed any.
The thermometer scale Jjust gives us the idea of how these new
numbers m;y be defined. Since the numbers on the left end of

the thermometzr scale are called negative numbers, we will glve

this name, négative numbers, to the numbers which we will define

14

o,
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and which we will associate with the peings on the ;ay to the

left of 0. It seems natural that we would Qish to define numbers

so that the operations af{additién, subtraction, multiplication‘

and division could be Sarried out with these.new numbers\Just

as they are carried out with the numbers.on the right ray.

The point- associated with O is the point which is the inter-
section point of the right and left rays. This number O will be
used in defining our new numbers and it will continue to be a
very important number,

We will now define, or invent, numbers to be associated‘with
the points on the left ray so that the number 0—wii1 be thé-ad-
ditive identity for all the numbers én ﬁhefline as it is now the
additive identity for all rational numbers. Recall that O is |
called ﬁhe additive identity in the set of rational numbers’

>

because:

-

‘ w0+ a=a+0=a, for any rational number a.
Consider thefragianalunumﬁer 2. The new number .-corresponding to
2 will éé'writtgn.—é} read'nggative 2, an& we define it by saying
that ;} 1s the number which added to 2 gives Q~aé the sum, Hence,
24 (-2) = 0. . Notice that thetdefinitién'of (-2) is simply that
it is the number which added to 2 gives 0O as the sum. At present
there is nothing more that we can say about it. However, we will
be able to find out more about it as we go along. We want the
commutativé property of addition to hold for negative numbers as
well as for those we have been‘using. Hence, we require that
(-2) + 2 = 0, as well as-héving 2 +‘(-2)‘= 0 as given by the’

\
definition.

“a i‘i"
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Since we will be using the commutative, associative, and
distributive propertles, let. us review them with some exampies
gnd exercises. We state them in mathematical language. In the
g statements a, b, ¢ represent any rational nuﬁbers.
Commutative property f{or addition: a +‘b = b +a.

Associative property for addition: a 4+ (b + e) (a + b) + ¢

i

Commutative property for multiplication: a-. b=Db . a
Associative property for J!ltiplication~ a « (b -¢) =
' : (a + b)

Distributive property: a . (b + c) (a - b) + (&2 -~ ¢)

R

‘and (b+c) -a=(b-+a)+ (c - a)

Exercises 1-2a (Class discussion)

A

1. State which property {or properties) 1s used in each of the
fqllowing:
a) 5-7=7-5
b) 3 - (4 -5)=(3-14)

(

(

(¢} 3+ (4 +-8)=(3-4) . .5=(4%3) -5
(@) 9+ (1 +10) = (9 + 1) + 10

(e) 9L(1;m)=(i;.’9)+1o

(t) -€>L3-h=3-(6+u)‘=(3-io)
(g) 7-8+3-8=(7+3)-8=(10-8)
(h) 3+ 17 = 17 + 3 ‘
(1) 6 - (3+7)=1(6"-3)+ (6" 7)

() 5 (a+6)=(5-23)+ (5" 6)
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Any two numbers whose sum is O are called additive inverses
of each o%her if they may be interchanged in the a&dition. Be- -
.cause of this definition aﬁd of Qhat we have said about 2 and -2,
these ﬁuméers are additive inverses. We can write negative 2 -
and -2 or (-2) in casé there would‘be any confusion between the
sign for the negative number and the symbol for the subtraction
operation. |

What is the assoclation between th{s néw number, -2, and a
point on the number line. Let us agree that -2 will be associated
with the point on the number line which is just as far to the left
of 0 as the point assoclated with 2 is to the right of O. This
last statement does not definey-e, as it hés already been defined
by saying that it 1s the number which added to 2 gi&es 0 as the
sum. This way of locating the point assoclated #ith -2 1s suggest-
ed by the thermometer scale. |

Similaily we define negative 3, (-3), as that number which
added to 3 glves O as the sum. We write

| 3+ (-3) = 0and (-3) + 3 = O.
By definition of additive inverses the numbers 3 and 1é‘are addi-
tive inverses. We associate the number -3 with the ~oint on the
number line which is Just as far to the left of 0 as the point
associated with 3 is to the right of O. In'éxactly similar manner
to the way in which we defined‘(or 1nvented)“the new numbers (-2) -
and (-3) we can‘defiﬁe new numbers (-1), (-4), (--%), (-‘%) and
so on. Indeed, if a 1s any‘rational number which_ 1is assoclated
with'a point on the right half of “e number line, then we define

negative a, (-a), by saying (-a) is the number which added to a

S
~7

@ oAb
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. gives O as the sum, We write ) ‘ -

‘
.a + {-a) = 0 and (-a) + 2 = C.

The number (-a) is associated with the point on the number line
which is the same distance to the left of 0 as the point associat-

ed:with the number. a 1is to the right of 0. Also, the numbers

) 3 .
'a and (-a) are additive inverses. Since the use of the state-

ment a + (-a) = O is a new and somewhat unusual way of stating a
definition, it is very important to reccgnize the statement as a
definition. The statements tells us what (-a) is and after that
we merely assign a point on the number line to be assoclated with

it.

Exercises 1-2b (Class Discussion)

1. Define each of the following numbers and tell how you would
associate a point on the number line with each one:
1 1
('l): ('So)p ("‘ §): (" '3'): ("100)-
2. Supply the missing numbers in each oﬁ the following statements

so that each statement will be a true statement.

(d) 3+ (-3) = | (e) (-3)+ =0
(b) + (-5Yy=so0 (£) (5)+ =0
() (-6)+ =0 (8) (-8 + &=
(d) (-75) = (75) = (h) (-.45) + .45 =

3. Write the additive inverse of:each of the following numbers:

| T: ('9): lln ('12)3 ('8)1 15: ("20)1 0, _(' %): (‘g‘)p (" %):

(39).



We have called the new numbers negative numbers. The

nuMsers -1, -2, -3, -4, -5,...are called the negative integers.

We will now call the counting numbers 1, 2, 3, 4, 5,... the
positf&e integers. Sometimes if we wish to emphasize that a
number, is positive, we write the + symbol before it} For example,
we &ay write positive 4 as +4 or jJust 4 without the symbol. If

a number is a negative number, the.symbol n.n ﬁust te written iﬁ

front of it and we will write the number in parentheses so that

the - symbol kill not be confused with the subtraction symbol.

If there is no possibility of confusion a negative number may be
written without the parentheses.

The set of numbers which consists of the positive integers
(counting numbers), the negati.e integers and. 0 is called the set

of integers. Frequently this set is indicated by the letter I.

We write this in concise form:

‘ I= {-'--- -'u, "3’ "2, "l’ 0’ 1, 2’ 3, 2‘;5 IQQQ}
in which the numbers appear from left to right just as they would

appear if written with the assoclated points on the number line.

1-3. Addition of Positive and Negative Numbers

First, we will consider addition by lcokingrat the example
6 + (-4). 1In order to obtain this sum we will notice that & +
(-4) 1s O and write 6 as 2 + 4, Hence 6 + (-4) becomes 2 + 4oy

{-4) and since we are going to require that the associative

" property hold for addition of all numbers we may write

6{* (-u)a [2+u‘]+(-h)=2+ [u+(-1&)]

in
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and since 4 + (-4) = O, ‘we mgst have 6 + (-4) = 2.

We have already stated that the commutative property for
addition of all numbers is to hold. As a result of the copmuta-
tive property, we may write further that

6 + (-4) = (<4) + 6 = 2.
Example: Find the sum 7 + (-5).
We think of 7 as the sum of 2 and 5 and write
7+ (-5) = [2+ 5] + (-5) S
=2+ [5+ (-5)] |
=2 + 0
= 2. .

Exercises 1-3a

1. Use the method we used in finding 6 + (-4) and 7 + (-5) to
add the following:

(a) 9 + (-5) | (¢) 12 + (-10)
) (v} 10+ (-7) (£) 60 + (-%0)

(¢) &+ (-3) () 30+ (-20)

(d) &+ (-5) (n) 11 + (-8)

2. Did you notice that all of the parts of Problem 1 were of
the type a + {-b) where a and b are positive integers
and a > b? Use what you obgerve about the sum, namely that

it is (a - b), to obtain the sum in each of the following.

(a) 7 + (-4) (e) 15+ (-7)

(b} 10 + (FT)‘ ) (£) 15 =+ t-l3).
(e) 15+ (-7) | (8) 25+ (-16)
(a) 184 (-10) - . (n) 30 + (-16)
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3. Supply the negative number in each so that each sum will be

correct,

(a) 7+ ()=2 (d) 15+ () =10

(0) 94+ ()=6 (e) 164 {)=6

(¢) 10+ () =4 (f) 20+ () =9
*

In Problem 1 in the above exercises you notice§ that in
adding (-b) to a, the answer was always & - b. This is all
right if a > b, But what can we do if b > a? Let us consider
this by use of an example: 2 « (LT). We would, 1ike to think of
2 as being replaced by (some number) + 7. Since (-5) + 7 is 2,

we will replace 2 + (-7) by [(-5) + 7] + (-7) so that we can write

2+ (-7) = [(-5) + 7] + (-7) .
= (-5) + [7 + (-7T)] Associative property
= (-5) +.0

= (-5)
As another example of the type a + (—b) where b > a, consider
-3+ (-8).' We will exp;eés 3 as (-5) + B so that we can write

3+ (-8) = [('§) + 8]+ 8

= (-5) + [(-8) + 8]

= (-5) + 0

- (-5) N
Do you see why we replaced 3 by (-5) + 87 We could have replaced
3 by (-4%) ; 7. Why did we not do that? You see that we wished
to repléce 3 by the'sum of two numbers, one-;f which was 8, so

that in the problem the sum of 8 and (-8) would be O and so

simplify the addition.

<1
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Exercises 1-3b

1. Use the method we have used in finding 3 + (-8) and 2 +*(-7)
to find each of the following:
(a) 5+ (-10) | (¢) 7+ (-12)
(0) &+ (-9) (d) 3+ (-11)

2. From the addition problems in No. 1 you see that we have been
doing additons of the type a + (-b) where b > a. The answers
were all of the type -{b - a). Use this short way of writing

the answers to each of the following.

(a) 3+ (-6) . (e) 10 + (-30)
(p) 4 +« (-9) (£) 15 + (-25)
(c) 6+ (-17) (g) 20 + (-40)
(@) 10 + {-20) — ——" """ (n) 25 » {-50)

3. Now we "mix them up". Some of these problems are of the type

a + (-b) where a > b and in some b'¢ 2. Find the sum in each.

(a) 12 + (-10) (£) 7+ (-12)
(b) (-12) + 10 (g) 8+ (-15)
(¢) 8+ (-7) . (n) 7+ (-1)
() 7+ (-8) (1) (-6) + 9

(e) 11 + (-3) | (3) (-6) +1
We hope that you have observed the similarity between such

probilems as 7 + (53) and 3 + (-7). We have 7 + (-3) = 4, but

Y

34+ (=7) = -4, 1In general, a + (-b) = a -'bif a > b and

a4+ (b) = -(b-a)if B> a.

Now we need to know how to add two negative numbers. Consi-

der (-3) + {-4), for example. We know that if we add 3 and (-3)
22
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we get 0; and, if we add 4 and (-U) we get 0. Hence [3 « (-3)} «
[ + (-4)]) = 0, since the sum in each pair of brackets is O.
We may write |
[3+ (-3)] + [¥ + (-8)] = [3+ &) & [(-3) + (-4)] by

using the associative and commutativé properties. But since the
sum on the léft side of the equality symbol is O, we must have'

| [3+ 5] % [(-3) + (-¥)] = o,
or, ' 7T + [(-3) + (-8)1 = 0.
This last statement says that the additive inverse of 7 is the
number [(-3) + (-4)). But the additive inverse of 7 is (-7), by
definition of additive inverse. Hence, we must conclude. that (-3)

+ (-4) = (-7). Is there an easy way of seeing how these two

negative numbers can be added? In general, (-a) + (-b) = -(a + b).

Exercises 1-3¢

l. Find the sum in each.

(a) (-5) + (-%) (£) (-25) + (-20)

(b) (-9) .+ (-1) (g) (-17) + (-20) °

(c) (-60) + (-k) (n) (-24) + (-16)

(d) (-20) « (-10) (1) (-15) « (-13)

(e) (-30) + (-20) (3) (-25) + (-35)
Summary

I, as (Lp) =& - b if a, b are positive rational numbers and
as b,
Example: 5 + (-3) = 5 -3 =2

‘2?33}.;: o
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II. a2 + {(-b) = ;(b - a) if &, b are positive rational numbers
and b > a.
E&ample: % + (-10) = (10 - 7) = -3
I:I. (-a) + (-b) = -(a + b) if.a and b are pogitive rational
| numbers,

- Example: (-10) sl(—S)-: -(10 + 5) = -15

l-h.‘ Multiplication of Negative Numbers

You might have expected to find that subtraction would be
considered next, but we are golng to leave that until a iittle
later and stuéy-multiplication now, We know that any number
multiplied by 1 is the number itself if the number is a positive

number. The number 1 has this same property by definiton when

it 1s multiplied by a negative number. For this reason the number -

1 is called the identity for multiplication. Just as 1 . a =

a *1=a, sol (-a) =(-a) - 1={(-a). Let us see if we can’

show that (-a) = (-1) - a. We will start with a + (-1) + a which
can be written
| a+ (-1 -a=1"*"a+ (-1) -a where a 1is any
positive rational number, We wish to have the distributive pro-
perty hcldvfor all numbers., By use of this property we can have
a+(-1) ca=l-a+(-1)"a
= [1+ (-1)] * a
=0 - a

=0Q

o
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Hence, a + (-1) + a = 0. Since this is so, it means that (.1} - é
is the additive inverse of a. But the additive inverse of a is
(-a) and, consequentiy, we define

(-a) = {-1) - a 1in order that the
distributive property and the property'cf inverses hold.

Examples: -3 = -1 * 3; 7T = =1 - T3 “”%-F -1 ..%

We can use the facfythat (-a) is equal to (-1) * a to find the
product of any two numbers if one of the ngmbers is positive and
one 1s negative, Consider (-2) - 3. By using what we have Jjust
shown, we can write ' | ) .
(-2) .- 3= [-1-2]3.
= -1-[2 = 3] Dby use of the associative pro-
perty
= -1 6
= -6,
In general, 1if a and b are any two pasitive rationai numbers:
(-a) - b=1[-1+2a)]-b
= -1+ [a + b]
= _[aﬁ].
§1nce the commutative property is to ho;d for multiplication of

negative numbers as well as positive numbers, it follows that

b (-2) =(-a) b=-(a-b)=-(b-a)

Examples. 6 * (-7) = -(6 + 7) - -4 .
(-5) * 9= -(5-9) = .45 '

L ET
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Exercises 1-4a

1. Find the product in each. N

(a) 9 (-10) = (1) 81 - (- §) =

(b) (-6) * 12 = (3) 64 - (-8) =

(e) (-8)(7) = (k) (-2)+(-3)-(4) =

(@) (-%) - 3= (1) (-5)+(-2)+(-3) =

(&) (-F) - 16« (m) (4)-(-5)(-10) =

(f) (-13) - 13 = (n) (2)-(-4)-(-5)*(-1) =
(8) (-42) * 63 = (0) (-2)(-3)-(-1)-(-1) =

(h) 27 - (-25) =

In order to find the product of two negative numbers let us
look Tirst at the product of (-1) and (-1).
Since 1 is the 1dentity‘for multiplication, -1 = (-1) - l.'
We will need to use tﬁis. In order to find (-1) -+ {-1); let us
start by considering the sum
(-1) © (-1) « (-1). |
We now use the fact that -1 = -1 - 1 and write
(-1) + (-1) & (-1) = (-1) « (-1) « (-1) - 1

(-1)[(-1) + 1] Use of the
distributive property

|

= (-1) [0] since (-1) + 1 =0
' "*o.«
New if (-1) - (-1} + (-1) = O this must mean that (-1) is the
additive inverse of (-1) - (-1). But (-1) is the additive inverse

of 1 and we must conclude that (-1) - (-1) = 1.
‘ ¢

ERIC | T
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We can use the fact that (-1) - (-1) = 1 in obtaining the
éroduct of any two negative nﬁmbers. For ékamgle,-consi@er-the
product {-2) : (-4). Using the fact that (-2) = (-1) + 2 and
(-4) = {-1) + 4, we can write ‘
(-2) - (-%) = (-1) - 2 - (-1) - &
' (-1) - (-1) * 2 - &4 Use of commuta-

]

tive and associlative properties.
=1 .24
=2 -4 -8
In general, (-a) (-b) = (-1) - a - (-1) + b= (-1) - (-1) - a . D

= a -.b.

Exercises 1-Ub

1. Fird the product in each.

n) (-16)-(-12) .

(a) (-6)-(-10) (

(b) (-3)-(-4) (o) (-45)-(-3)
(c) (25)-(o) (p) 25 - (-3)
(4)  (-73)+(-6) (a) (-27) - 0
(¢)  (-52)-(-¥) (r) (-16)-( 1)

(£) (-75)"(-%) (s} (20).(-10)-(-5)
(&) (-3)-(-10) (8)  (=3)+(-5)-(-¥)
(h) & - (-10) (u) (-5)-6-(-2)
(1) (-10) - & (v) (-#)-(-5) - 3

(5) (-6)-(-7) (w) (-2).(-1)-(-3)
- (k) (-15)-(-4) A(x) (-4)-(-2) (+2)
(1) (-20)-(-53) (v) (-3)+(-3)-(-3)
(m). (16)-(-12) o {z) | (-2)-(2)(-2)

&7
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_ 2.-'Ih the following prcblems in muitiplication put a number . ;ﬁ
" in thelg;reﬁtheses so that the statements will be correct.
(a) () - 6=-12 (1) 1+ () = -1
B 5 ()=515 (9 6-()=-36
(c) - (-10)-( ) = 100 (k) (-9)-( ) =81
(a) (-5)-( ) = 20 (1) 5+ ()=-30
(e) (-5)-( ) =-20 (m) ( )-(-10) = -90 .
(£) 11 - () = -110 (n) ( )-(-50) = 100
(g) (-1)+( ) =1 (o) (-6)-( ) = -60 |
() (-7)+()=0 (p) (-3)()=-1 -

1-5. Division of Negative Numbers

In Problem 2 of the preceding exercises you were finding a
number which coulq_be mu;tiplied by a' certain numbeifto-yie}d &
given number as the product. For example, you w§?e asked to
put the correct number in the parentheses so that

5 - ()= -15.

You obtain the number -3°by recogn%zing that 5 multiplied by -3

-

gives -15 as the product. From the meaning of division as the

inverse of multiplication"l5(; -3.  Tn.general, if a and b
are any positive raticnal numbers, and there is a rational number
X so that bx = a, then the number x 1is %, or a divided by b.

If Bx'x:_a, where b 1is a positive rational number and -a

“is a negative rational mber, then x must represent a negative

~

number frqﬁ what we know about multiplicaticn. Hence, X 3‘%2
is a negative number and we conclude that a negative number divided

by a positive number is 2 negétive number.

3
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If (-b) . X = a, then x must be a neéative number from our
knowedge of multiplication. Hence X = ?."? is a negative number
and wé conclude that a positive number divided by a negative
number gives a negative numbe?. -

If (-b) +- x = a, Xx must be a positive number since -b must
be muitiplied by a positive number to éive -a. Hence X = E%- is
a positive number and we must conclude that a negative number
divided by a negative number is a positive number.

These three preceding paragraphs give us the ways of &ividing
negative numbers. But, there may be a questiqn on how ﬁo write
such a number as %? in which '3 does not divide 2. We may look

at 1t this way: If 3 - x = -2, then x = 3£ just as 1f b - x = a,

| a _9 | A '
then x = . Hence, 3 . (5F) = -2. But by multiplication 3 (- §)
= -2 s0 that x must also be --%. Thus %@-: - %-.

Similaq}y %% may be written - %u For«%g = E%—%-gs since

we may multiply the numerétor and denominator of the fraction

by -1. But, 32y =2 sotnat =£ or-% m
« general, i?- = %3-: - %u‘ Example:

:§-= %j.a -.%, or if we like we may write -2%.

Exercises 1-5

1., Divide in each of the following.

(3) =29 - “(e) R
R ) = D €
(e) = (r) =53
| (@) =3 (m) 3 :

}
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1) <38 L (my 138
(1) 1 (o) o
(k) o (0) =
(1) =283 | (@) 12
(m) g (r) 22

1-6. Subtraction of Negative Numbers

We hope you have the additipn facts well in mind for we are
going to léarn subtracpicn facts for hegative numbers ﬁy use of
addition. Thgs is not 4 new idea. When you first learned t.
subtract you probably did it by using addition. éor example, in
subtracting 2 from 7, we write it 7 - 2 and we recognize that
7 - 2 = 5 by knowing that 2 added to 5 glves 7. ’

Let us study subtraction by examples first. ‘Then we can
state our results in more general terms as we did for addition.

Exumple 1. Subtract 7 from 2. To get the answer we must
gsk "what number can be added to 7 to get 27" That is, 7 +’(?)
=‘2. From our knowledge of addition of negative numbers we
recognize that 7 + (-5) = 2. Hence 2 - (7) = (-5). Notice that
the answer is (- {7 - 2]) or (-5). Use this method in the next

exercigses.

-

Exeprcises 1-6a

The symbol "-" is the symbol for subtraction. ‘
S-1. (a) 2 - () = (@) & - (8) =
(b) 3 - (6) = ' (e) 10 - (12) =

() 5-(7)= (£) 7 - (9) =

£

30"
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() 8- (10) = ) 3. (D) -
(h) .7 - (11) - (m) 10 - (5) =
(1) 5-(9) = (n) 12 - (3) =
(D) 6-(8) = (0) 9 - (5) =
(k) & - (5) = (p) 7 -(3) =

Now we will subtract é negatige number from a positive number.

Example 2. Subtract (-2) from 7: We write this 7.- (-2).
Again we perform the subt}action by asking for the number which ’
must be added to (-2) to give 7. From our knowledge of addition
(-2) + 9 = 7. Hence, 7 - (-2) = 9. We‘get the séme result in
subtracting (-2) from 7 that we get in adding (2) to 7.

Exercises 1-6b

.1. Use the method in Example 2 to cbtain the answers in the

following:

(a) 6 - (-2) = (g) 7 - (-9) =

() 9 - (-4) = () 7 - (-5) =

() 11°- (-8) = (1) 20 - (-20) =

(d) 10 - (-10) = (§) 15 - (-10) = .
(e) 6 - (-8} = : (k)" 30 - (-20) =

(£) 6 - (-6) = (1) %0 - (-40) =

r

For the third type of subtracrtion we subtract a positive
number from a negative number. ) ' | \

Example 3. Subtract 7 from (-2). We write this (-2) - (7)
and ask for the number.which-must be added to 7 to give (-2). We
know tﬁat}?ue (79)‘= (-2) so we know that (-2) - (7) = (-9). Does
this show that subtrécting 7 froﬁ (-2) is the same as adding (-7)

ERIC | 31 .
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' Exercises 1-6¢

1. Perform each of the following subtractions.

(a) (-3) - (M= -~ (8 (-12) - (11) =

(b) (-2) - (9) = (n) (-15) - (10) =

(¢) (-5) - (10) = 1) (-8 - () - _ : ;
(@) (-8) - (8) = (3) (-5) - (3) = - |
(e) (-6) - (9) = ) (- () =

(£) (-7) - (10) = (1) <—§r— (6) =

Theifourth, and last, type of subtraction is the subtraction
of one negative number from another negative number. We consider
this in the next example

Example 4. Subtract (-7) from (-2). We write (-2) - (-7)
and ask ‘for the number which must be added to (-7) to give (- 2)
Since ( Z) + (5) = -2 we have (-2) - (-7) = 5.

Is (-7) - (-2) equal to (-2) - (:7)? We can tle by finding

- what we m&ét‘add to (-2) to get (—7). Since (-5) must be added
to (-2) to get (-7), we have (-7) - {-2) = (-5), but (-2) - (-7)
-5 | o

Do you see that (-2) - (-7) = 5 is the same as (-2) + T = 5,

| and.(-7) :,(_2) = (-5) is the game as (;7)f+ 2 = (-5)? |

Exercises 1-6d

1. Perform the {ndicated subtraction in each of tye f0110w1ng.

| | Example: (-5) - (-3) = . To get the answer ask yourself

Ce what number must be added to (-3) to get (-5). Since (-3) +
(-2) = -5, (-5) - (-3) = (-2).
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(a) (-¥) - (-2) « (8) (-¥) - (-2) =
(8) (-6) - (-5) = (h) (-5) - (-1) =
(¢) (-2) - (-1)= (1) (-1) - (-5) =
(4) (-5) - (-2) = (3) (-8) - (-1) =
(e) (-2) - (-4) = (k) (-6) - (-4) =
(£) (-3) - (-5) = (1) " (-4) - (-6) =

Summary of Subtraction of Negative Numbers. rIn the summary
a and b ';epresent pésitive numbers, (-a) and (-b) represent
negative numbers. Whenever the "-" symbol is used within paren-
theses, 1t is the negative sign for the numﬁer with which 1£ is
written; when used in any other way it is the symbol for subtrac-
tion.

General Statement ' Example

!

l.oa-b=ax (-b)=-(b-8), 7-9=7(9)=(-2)

iIfb>a ~
2. a—(—b)=a4—b 5-(-3):5-{-3:8.
3. (-a) -b=-(as+b) (-10) - 8 = -(10 + 8) = -18 -

4. (-a) - (-b) = (-a) + b (-2) - (-7) = (-2) + 7 =5

Exercises 1-6e

Now let us use all of these types of examples.

1. Perform the following subtractions.

(a} (-10) - (-3) = () (-8) - (-2) =
(b) 4 -6 = (g) (-9)--2=
(c) 16 - 12 = (h) 9 - (-3) =
(d) 8- (-2) = (1) 7 -(5) =

() 7-8)-2= () 7 - (-5) =
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(9'2;9- o | mjs-dos
(1) 2-(-9) = | (n}) 3 - (-10) =

(o) 4 - (-7) =

';;7. Coordinates on the Line

_Let us consider the nunber line.

. o
Choose a pointvon the line and*abel it 0. This point we call the
origin. - | )
From Section 1-1 recall that polnts on the ray to the right

of 0 (the origin) will be associated with positive numbers and

'points to the left of the origin will be associated with negative

-~

numbers. We are now able to locate a point on the line associated
with any rational number.

. To illustrate the location of points associated with séveral
rational numbers on a number line: let us draw & line segment 6
inches in length,

- A
-+ + + + - -+ 4 + + 4 $ +
’ -0 -5 -4 -3 -2 -1 O el o2 «3 f4 +5 +6 .

fn labeling our number line it 1is ccnvenientﬂto use only
integers. '

Toklocate point A on the number line we say it is three units
from the orlgin on the ray to the right of the origin.. The °

distance of a point from the c:iigin with its direction indicated

| by either’ + or - is called the coordinate of the point.

34
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A rational number can always be associated with a point on the =
number line. The rational number gives the number of units dis- ‘
tance of the paiht from 0.. If the sign of the rational number is
positive, the point is to the right of 0; and if negative, the
point 1s to the left of 0. Polnt A may be written A(+3) whece
its ccordinate is (+3).

Locate point B(-2).and point C(0) on the number line. Coulé
you locate point D(+§) and point E(kg)”

By the method used in these above examples we can set up a
one-to-one correspondence between the set of positive and negatije .

rational numbers and a set of points on the number line. With any
one of these numbers there is associated a point on the line. The
number that is associated with a point on the line is called 1ts o
coordinate. The coordinate of A(+3) is (+3); the coordinate of ‘
B(-2) is (-2).

Exercises 1-7

1. Draw.a segment of a number llne 5 inches in length. Let one
unit be one inch. On the line locate the following points.
A(-1), B(+3), c(1), T(0), L(-3), p(-2)
2. In problem 1, how far is it .in inches between the point labeled
T and the point labeled L? between P and B? between L
and B? from the origin to A?
3. Using a number line with 1 inch as the unit of length, mark
the following points. ‘ )
R(3), S(8), D(-3), F0), E(HD) .
L, If the line segment in problem 3 were a highway and was drawn
to scale where 1 inch represents 1 mile, how far in miles is

- it between these points on the highway: F and.R? D and E?

35 o
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5. If your number line were vertical instead of horizontal and
your number scale were written'ﬁith positive integers above
the origin and negative numbers below the origin, draw a _
nunber line and label points to correspond with the rational

HUMBEPS, O, l, 2, 3, "‘1, -2’ "3’ ".u'

1-8. Coordinate System in Plane

You have learned that a single coordinate can locate a point
on a number line. Point P(-4) is 4 units to the left of the origin.
Does the method for locating a point on the line give you a way of

telling how to locate the point if 1t is not on the number line?
S

& _—e Py e ' re & e

p
T8 -5 -4 -3 2 90 1 2 3 4 5 6

Point S  1s not on the number line. Could you say that the

coordinate of S 1is (+3)? Why not? Find the point on the number
line with coordinate (+3}. Is it the same point as point 87

How many number coordinates determine point P on the number
line? Will one number coordinate determine point 8? No, you need
more than‘one number to determine point S on the half plane above
thg number line.

" To help locate point 8, draw a vertical number line pérben_

dicular to the horizontal number and 1ntersecting it at the orig'n.
Use the same unit of.measure for your scale on the vertical nﬁmber

iine as you usgd on the ‘-horizontal number line. Iabel Both scales.

EET P



AR i Loy
SRR AN

1-8

-

R - o S

e

B e e T N I TP

[ N SR ——t
" 2

(R p g e g

-124

1.
N) -
.

'
©

2 3456 7809 101112

Let us agree to call the horizontal line the X-axis and the

vertical 1line the Y-axis to simﬁiify talking about them. When we

refer to both the X-axis and Y-axis, we will call them the axes

(plural of axis).

FY

~Now we can be a little more precise in locating point S, It

iies in the half plane above the X-axis and in the half plane to

the righp of the Y-axis,

To help us determine the coordinates of point §, draw a line

segment from peint S perpendicular to the X-axis. The number -

37

‘v

1

s W



30 N ' ) ' ) 1_8 -

assaciated with the point where it intersects the X-axis is called

the x-coordinate of S.

o

_34
.

| Now draw a line perpendicular to the Y-axis from point 8.
| “{The number assocliated with the point where it intersects the Y-axis
is éalled the y-coordinate of S. This system of coordinates is
called a rectangular system of coordinaﬁes. Can you see why?

Point S has an x-coordinate of (+3) and a y-coordinate of

(+2), which we write (+3, +2) with the x-coordinate always written

before thg y-coordinate.
Each point in the plane has a pair of numbers associated with
it. The first number of the pair gives the x-coordinate of the
‘paint, the second:number gives the y-coordinate of the point,

‘These numbers determine 1ts position in the plane.

38
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On a piece of squared paper draw the x-gxis and the Y-axis,

Choose a convenient length for 1 unit and use the same length to

mark off a scale on both the axes.

Yy
3 T162:3)
2 51E2)
1
- — X
3 2 1 0 1 2 3
-1
[
-2
4

E Y

Mark point (+3, +2) on the half plane above the X-axis. 1Is
this the same point (.2, +3)? How does it differ from (+3, +2)?

By 1interchanging the numbers in the number pair (3, 2), we get the

the point § and (2, 3) is assoclated with the point T.
Suppose you were giving a friend directions to a certain
place in a city laid out in rectangular blocks. If you told him

to go 3 blocks east and 2 blocks north, would this be the same as

telling him to go 2 blocks east and 3 blocks north? 0f course not.

The numbers are the same, but the order in which they are given

“1s qulte different. The first set of instructions might be written

(3 east, 2 north) and the second set (2 east, 3 north). As you

- can easily see, these instructions lead to two completely different

it

3.

. @ jﬂ! e ,r’

: Jd .

. number paire(2, 3).  But the number pair (3, 2) is associated with
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locations. Do you see why it is important to watch the order of
a pair of number coordinates? i
If we interchange the numbers in a number pair, will the
points associated with the number pair always be different points?
Plot the point (-1, 4). ILabel 1t. Now interchange this pair
of numbers to get (%, -1). Plet this point. Is it different from
(-1, 4{? Can you think of any exceptlions to this? How about
the number pvair (2, 2)? List a few ordered pairs which will give
you the same point 1if their order is reversed} | |
Given the following ordered pairs of numbers, locate the-
points in the plane associated with these pairs.
(%, 1), (3, 0), (o, 1), (2, ), (&, &), (-1, -1),
(-3, 3), (%, -3), (-5, 3), (0, -5), (-6, 0). Vrite the ordered
pair of numbers beside the point. Locating and marking the point

with respect to the X-axis and the Y-axis is called plotting the

points. R Y IR
A IR 4 I
JRREN IR B | e S A A
‘ oL L.f? DR S U
f ‘ | i :
- E_ 6 - N ,i___
: - ? - 74 - < ® - — ,_,.
URRRRCRAE: w
SRR Y| S
- - 1 ® |- o
- - & L A
_:9_13:1'5:#.-_4_'3:2.'34 12343%6789
| ‘ | | . , ' ;
»—7 ""‘J“*"f"’ bme f g e e :‘2“__--._ . — . - —- - . f.__'% e -
J ' { . , ' i ;
i - L._‘-...T -.3 TR Y N S e
r“’*!y' ——- g. T - § e . .'_.«_i_N b,
P i L : !
- | =S¢ .
“”‘I""?‘ - IL. -6- .. .. P
i t ' &
*T_T ; . =7%- -
1 i .
.-—E-._._:_.A ; 8 ‘ ‘8 “ .- {
R SRR




1-8

oFow N

- 33 i
“ Exercises 1-8a | =
On squared paper draw a pair of axes and label them. Plot |
the following points. To the right of each péint place the
coordinafes in proper not;tion. Use the same pair‘of-axes for
all examplés.
(a) (6, -3) (b) (1, 1) >
(-7, -1y (6, -5)
(-9, -7) (-3, -3)
(5, -1) (4, -10)
(-8, 10) f (-9, -6)
(0, 0) | (-8, 0)
(-1, -1) | (o0, -5) o ‘
(4, 3) (-2, -5)

What is the y-coordinate of any point on the X-axis?

What is the‘x-coordiqate of any point on thé V_axis?

What are the coordinates of the origin?

Plot the points (-1, -1), (8, -1), (-1, 3) and (8, 3).

éhow that these points are the vertices of a reetangle.

Plot the points (3, 6), (3, -6), (-3, 6) and (-3, -6). ™

What kind of figure is evident if these are the vertices?
Three vertices of a rectangle are: (0, 4), (7, %) and (0, 0).
Find the coordinates of the 4th vertex.

Plot_tﬁe foilowing-points:

(0, 5), (3, ), (4,°3), (5, 0), (¥, -3), (3, -4), (o, -5),
(-3,-4), (§4,13), (-5, 0, (-4, 3), (-3, 4).

Do these points appear to be on a circle? What is the center?

What 1s the length of the radius? . .

41



34 | - 1-8

-~

Quadraﬁts

~ Did you notice-that the half planes above and below the
X-agls intersect the half planes to the Flght and to the left of
the Y-axis? These in:SESecticns ére called quadrantg aﬁd are
numbered counter-clockwise with Quadrant I being the intersection
of §he half plane above the X-axis and the half plane to the

right of th Y-axis.

N

7//

Points 1ii1 the intersection set of these twe half planes are
~ in the first quadrant or Quadrant I. The Intersection of the’
half plane above the X-axis and half plane to the left of the

. Y-axis is Quadrant II.  Guadrant III is the intersection of the
" half plane below ;he X-axis and to the left of the Y-axis. Quad-

‘rant IV is the intersection of the half plane to the right of the

‘.7‘4‘)

;o
R



1-8 | .35

&~

Y-axis and the half plane below the X-axis,

~ &
R

The numbers in order pairs may be’pcsitive,Anégative, or zaro

as you heve noticed in the .exercises. Both numbers éf the pair
may be positive, both numbers ma; be’negative, one may'be'positive,
‘andsone may be negative, one may be zero or both may be zero.

Where are all points for which botﬁ numbers 1n the ordered
pair are positivé? Will they be in the same quadfaﬁt? How can
yau‘tell? .

Where are all the points'for which both nuﬁberé of the order-r
ed palr are negative? Shbk*%his by plotting some points. Can you
~predict with iooq;accurécy in whiéh“Quadrant the point lies 1if ‘
you know its x and y-coordinates?. '

‘WbQ% cé; you tell about the point (-4, 3)7 1In which‘quadraﬁf
is 1t? Is (3, -4) in the same quadrant? Why not?

Exergises 1-8b

1. Given the foliowing ordpred&pairs of numbers: Write the
numbher of the quadrant in which you find the point represent-

ing each of these ordered pairs.

Ordered Paip o Quadrant
(3, 5)
(1, -4) -
(-4, 4) . |
(-3, -1) )
(8, 6)
(7, -1)
(-3, -5)

ﬂ:.‘!»‘x Y.
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ates.

Plot
What

Plot

| s 1-8
tie aboye points, using a rectangular system of coordin-

Label each point with its coordinates.

the following pcihts and ccnnect them with line segments.
kind of figure is thi%?

a(o, 5)  B(-3, -2)  ¢(3, -2)

these points; using a2 rectangular s&stem of coordinates:

(3 3)s (-5 70, (0, 5, (%, - D), (-2, - D)

Write the ordered pairs assoclated with each of the following

fifteen points. It 1is often desirable.to number your scale

by twos, threes, fives, etec., to save writing so mahy numbers

on the scale. (See Figure on Page 37.)

(a)
(b)
(c)

(d)

Both numbers of the ordered pair of coordinates are

positive. The point 1s in Quadrant .

Both numbers of the ordered pair of cooriinates are

negative. _?he point is in Quadrant . -]

The x-goordinate is positive and the y-coordinate 1s

negative. The point is in Quadrant
The x-coordinate is negative and the y-coordinate is

positive. The point is in Quadrant (

-

41"
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UNIT 2 - .

EQUATIONS ' mE

2-1. PFinding the Unknown ° .
Do you like mystery stories? Have you every imagined your-
self to be a detective like Sherlock Holmes or Nancy Drevw? A
mathematician often works like a detective, trying to solve a | g
mystery, }o find ong or more‘annown numbers from certain cldes.. R
FQr example, I ém-trying to think of‘é'certain'number, Call S
1t xp(we often use letters like "x", “y", "r", to stand for
uhknown'numbers). I give you the foilawing clues
- | X+ 5 =1,
in words, 7 is 5 more than the unknown number. Can you detect
_whatrthe_numbef is? You probably can.
Sométimes there is more than one unknown, "Here 1s a seriés
of 4 numbers: | .
0, x, y, 300,
(two unknown and two knogn), and each of the "inside" numbérs
‘is the dverage cf its two nelghbors, What are the numbers?
According to our clues \

x_:o_%_y and ys)_(%ﬂ_g

Can you tell what the unknown numbers are?

In both of these problems the clues were number sentences. Each
elde was a statement about numﬁers, some known andiéome=unknown.

Since the verb in each of these sentences was the "equals" sign,

. we call such number sentences equations, Ve say that we are

salyigg an equation, or a system of equations, for the unknowns -~;

LN

X, ¥y, ete. - ‘
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Equations are used in many ways in many dirferent fields.

Ve solve equaticns to find the currents in an electrical network

‘when wglxnow the voltages and the resistances. We solve equations

ihAorder Yo design airplanes or space ships, Ve solve equations
in order to find out what is happening in a cancer cell.

’ 'We-a}so use équations to predict the weather. We now know
methods for predicting tomorrowfs weather very accurately. Tﬁe
only trouble 1s that these methods require the solution of ahout

/ .
a thousand equations with the saﬁf number of unknowns. Even

" with the best of the modern high speed computers, 1t would take

I

tuo'weeks tolcompute the prediction of tomorrow's weather, There-

fore the meteorologists (look up this wof&) make many approxima-

tions. They simplify the equationé in such a way that they can.

compute the prediction in time. They will be able to make better
predictions when we know more efficient ways to solve many equa-
tions with many unknowns. |

Our progress in many fields of knowledge depends on finding

~ better methods for solviﬁg equations. Many leading mathematicians

are working on such problems. The National Bureau of Standards
held two big conferences in 1953 and 195! on new methods for
solving equations, )

If you had only to solve ohe simple equation such as

X + 7 =9, you might do it by trial and error. If you had many

- such equations to solve, you would try to discover a method for
‘solving them. You might even try t06 design a machine for‘carrying ,
out your method., Vhen you can make a machine forp solving all

| prcﬁlems of a certain kind, then you can have the machine do the

47
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, ' o~
routine work for you. You then can reserve your brain for things

which really require intelligence, such as solv;ng new problems

| When you finish this unit you should see that equation solving

1s not a lucky hit-or-miss activity wﬁfch depends on trial and

~

error. -

Exercise 2=-1

*

1 Bring in a book on one of the following subjeets which shows
the use of equations. List at least two equations from the
book.

F)

Physics, chemistry, biology, medicine, egg&neering, economics,

or psychology. ‘ « o

2-2. Deslgning Computers

Suppose that you are the designer in a compéﬁy that makes
computing machines. Your company has four basic machine parts
or components, an adder, a subtracter, a multiplier, and a divider.
Each‘of these components can be thought of as a simple computer
which can perform one of the elementary operations, You have to
tell your technicians how to put theee'together to make more
complicated machines. In your diagram you show how these pa:ts'

or components are connected up. You do not bother to make a more

detalled diagram to show, for instance, how an adder is

constructed.

You can use a symbeol like this:

48
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for an adder& There are two places whére‘numbers are put in,

These numbers are naturally called 1nputs. Ve have labéled the

.inputs with the letters x an ¥y in.our diagram. Inside the circle

wve have written the symbol for what the component does When

numbers are put in at X and y and the machine or component 1is

set in operation, out comes the sum of the inputs. We call x + y-

the output of the machine. You may think of the lines in-the
diagram as representing wires along which signals aré sent, or
channelé along which messages are sent. The numbers may be fed

in by typiﬁé th=»m on tape, or on punhch cards, The outputs may be

in similar form. This diagram shows a machine for adding x and 2,

X+2

Ve have a constant input of .2 at one place. Whatever number x is

put in at the other place, e get x +'2 as the output., If the

input is 5, what is the output? If the output is -1, what must
the input be? )
Here are symbols for the other basic components:
X
XY

<X

o

Notice in the subtracter and the divider which input is

placed above the other.

1
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Let us hook ‘these compagents up in different ways and see
what we get. Iook at this diagram:

2
3

'If the input is 4, what is the output?

We could make a table:

Input Output
.”‘x
0 6
) 1 9
2 12
5
8
-1 .
&
18
L5
) -6

Fill in the empty spaces, For example, if x = 2, then the output
of the adder is 2 + 2, which is . The output of the adder

is one of the inputs of the multiplier and the other input is 3.
-Do you see why the .output is 12?

o)

iz
7. L
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.. .We can describe the operation of the above machiﬁe_in a
simple way. If the.number x 1is the input, then the output of the
adder is x + 2. When this number comes into the multiplier;'
together with the other input 3, the multiplier produces
(x + 2).3. We can summarize by saying that if the input is x,
then the output is (x + 2)-3. Thus if x = 2, the output is
(2 +2).3 = 4.3 = 12. |

This maéhine might be part of a larger machine., We might
not want to show all the details in designing the big machine.

We might simply use a diagram like this

L4

L

Q;;; ' (x+2)-3 —

to show what this machine does,
 Your company might manufacture the whole gadget as a unit,
All the user sees 1s a box with a place for the input and a place

for the output:

N -
/

The buyer would not see the mechanism:

.. N P _
: > —o—>® ‘

You might label the input with the letter x and the output with

the expression (x + 2)-3, so that the user will know what comes

out if he puts in any number.

>
R N
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1. Describe the outputs of the machines diagfgmed below:

(a) ' (8) ——
X ——
. O . e
(b) ‘ (h)
(c)
(d)
(e)
(r)

X

Notice that in machines (g), (1), (J), (k), and (1), and

input x is transmitted along several channels. 1In this

g

diagram 1f you put in 2, the number 2 comes out at all three

PE——

X> -

Ct—————e

places vhere the arrows are.

!

L)

2. For each of the above machines, tell what the output 1s for
each of the following inputs: x = 1, -2, 3, and O, Wil1
all these machines accept the input 0?

4y lgi’i&‘;{;

LA

ot w
—— gy

Y

%
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3. For each.of the machines (a) thrnugh“(J), tell what number —
must be put in 1f.you wish t0 obtain the output 9., Can- |
“all of them have the output 9?

Suppose that you have to design a machine so that for the

input x the output is 1 A
(2.x) - 3
If x is the input, the machine must first multiply x by 2,

subtract 3 from the result, and then divide 1 by that difference.

Here is a diagram for a machine to do this Jjob:

Z’;@L > o s X3
X | ~T,K’IABI
3
(3.x) +
If t ¢t t
you wan o compute (5x) = 3
you must transmit tne Input X along several channels:
X __BX)+4
T 2X)-3

We could describe the work that this machine does iike this:

_(3:x) + 4
(2.x) - 3

X

- .This shows that if you put the number x into the machine you get
“out the number on tne right. For example, if you put in 7, you

obtain
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Our bdbasice eompcnents are four machines each with two inputs

and one output. Ve can design machines with even more inputs:.

railsd 3%

X . _ y4
2 (Xt+Y)
; Y
What is the output of this one?

| ]
————-

Try putting numbers into each of these machines, and see what
you get. Do you notice anything? What is the reason for
what you notice?

. Notice that sometimes there was a constant input, an input

which does not change. The machine diagrammed below has a

;>0>®\;>@_~Y

constant output., What is the value for y? Does it make any
difference what number x you put into it?

Sometimes we have a variable input. We have been using
letters like "x", "y", and "z", to indicate variables. In the
machine for computing (x + 2).3, the letter x can stand for any
number. In each parficular case it is the name for a certain -

definite number, but we may vary this number from time to time.



- N

Sometimes a variable is restricted. If d is a length, then

it cannot be a negative number. If n is an input to an ordinary
adding maehiné, then n may only be a g;&ﬁtinglnumber from 1 to

- 999,999. A computer may accept only inputs from a certain set

of possibilities. The set of all possible values for & variable

is called the domain of the variable, If d is a length then the

domainof the variable 1s the positive numbers. The domain of
the input of an ordinary adding machine is the counting numbers

from 1 to 999.999.

. Exercises 2-2b

1. Design machines for each of the following\jobs:
(a) x—=2 - x L e) x——a-xg -1

(x - 1) (x + 1)

. 2
(c)ﬁ Xe——el ¢ (x + 1) g) X——(x + 1).x

}

ae

(

(b) x—=1 +3§‘ ) (f) x
' (
(

(6) x—er s h) x—-—--écB + (2°x°) )+'n

In (g) and (h) you must be careful to pair the parentheses with

each other properly. ‘

2. For each of the above machines, tell what the output is for
the fQllowing inputs; X = O{ 1, -2, and 10, Will aill of
these machines accept all of these inputs?

3. Design machineé for computing fromfthe inputs x and y the

i

numbers: |
(a) (x +¥y)(x - y) ~ (e) (x + y)E .
(v) x? -y {(d) (x2 + (E'X"y)) e

t

3
() |

~
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4. For each of the machines in exercise 3, tell what the output

 is when the inputs are the following pairs of numbers:

l | 2
1

% 1. l 10 [ 30
vy | 2 | | | .5

5. V¥hat is the domain of each of the following variables:

1

(a) w = number of units of weight of a block of wood
{b) v = speedometer reading of an automobile
(¢) M = the amount rung up on a cash register, in cents

(8} T = number of units of temperature ~—

(e)

J
i1

number of people in a country “

2-2. Number Sentences

Look at this sentence:

Jimmy was at CampeJolly all day yesterday. 1Is it tfue or
false? You may answer, "I don't know. Which Jimmy do you mean?
I caﬁ't tell until I know who Jimmy is."

You may look at the records of the camp, and then reply,
"It is true if you mean Jimmy Mills of Denver or Jimmy Cocod of
Baltimore or Jimmy Schultz of Cincinnati. It is false for any
other Jimmy." | ) |

‘Now think about this sentence:

If Jimmy was at Camp Jolly all day yesterday, then he was

not at home at that time, Is_it true or false? You may very

well say, "It 1s true. I don't have to know who Jimmy is."

Now consider thi§ sentence:

Xx + 3 =28 “_

T e e
T OTTIRRRGV TN
S

Y
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Here "“x" stands for some number, Jjust as "Jimmy" stood for a boy
in the previous discussion. Is this sentence true or false? You
may answer "I don't know, T cannot %tell until! I know what number
x is."

You may think a bit more and say, "If x = 5, then the sen-
tence s true, If x {s any bther number, then it is false,

| Lcok at this one now:
X+ 3 =3+ x

Is this true or false? You may answer, "It is true, no matter
what.number x is, by the commutative proéerty of addition."

Sentences about numbers are called number sentences. In

mathematical language, the most common verbs are " =", " ¢ ", .
and " > ", Here are three number sentences:
S =2+ K )
3c2+ ! ]
| 3> 2+ 14

Each one is elther true or false, VWhich are true, and which are
false?

Sentences with the verb " = " are called equations and

those with the verbs " ¢ " and " > " are called inequalities.

Another type of number sentence is called a proportion.

A proportion states that tro ratios, or guotients, are equal.
Tom asks a numbér of students how they will vote in a school
election, 1In order that his poll' should give him a good predic-
“tlon, the ratio of hoys to the size of his sample should be the

same as the ratio of boys to the entire student population., If

‘L‘ ;’Jm
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there are 700 boys in a total of 1,500 students in the school and

he has 30 students in his sample, then he sets up the proportion

number of boys in the sample _ 700
30 - 1500

How many boys should be in his sample?
i'hen the ratic of pairs of quantit;es are equal, we say

that the corvesponding quantities are provortional. The amount

ﬁhat Sally éarns as a baby sitter is proportional to the number
of hours that she works. If she earns 2 dollars in 3 hours,
how much willl she earn in 12 hours? We set up the proportion

earnings in 12 hours
12

WM

How much will she earn in 12 hours?
When you read a map, you often find a scale showing the

ratio cf the actual distances to the distances on the map. If

3 inches on the map correspond tc'leo miles, then 7 inches corre-

spends to how many miles? Set up the proportion ahd solve the
problem.

Expressions like 2°+ ', 7 + x, (-20)}/{(2 - x) are number
phrases. This {irst ohrase is another name for 6. The true
sentence 2 + ' = § exprésses the‘fact that 2 + ' is the_same
number 25 0, The secoﬁd and third phrases are sometimes called

open phrases, since we have not been told what x is. Ve have

left the matter open for further considercation.

If x =5, then 7 + x = 12 and -10/(2 - x) = 10/2,.

;)8
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These'open phrases describe the ocutputs of the machines

e ko *

7+X
4 |
The phrase x + 7 describes the output of the first machine,
whatever the number x may be. ‘
Look at this sentence: .
- gy
X + 7 = 5——“}03{

It states that the outputs are the same when a certaip number x
is the input. Ve have not said that this sentence is true. We
have merely proposed it for discussion.
You cannot tell whether it is true until you know what x
is. The matter has been left open. The sentence 1s called, then,

an open sentence,

You may work on the sentence for a while and then say, "The

sentences is true if x = 3 or x = -8, It is false if x 1is any

other number, The{numﬁera 3 and -8 are the solutions of the
equation. If*we solve the equation, we obtain x = 3 or x = -8."

You are not yet ready te solve qugticns as complicated és
‘this one. You should be able to find the solutions of the

- equations in the following problems.

LY Y PR PV A ""‘.M'““"‘.“ Y. MRS - BN A
P N . . . X . o
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| Exercises 2-3a |
_&\\ o0 o ‘ - ~
A Sclvé\Qﬁe following equations for the unknown number:
(a) x\‘v!-2-=5 (1) 7 -8 =2 , -
\
(b) y+ (-3) =7 « 3 T-k=-2
(¢) z+3=-7 (k) Ro7
(d) ¢+ (-3) =-7 - 30
(e} 2 - u=5 {m) s-7=02
(£) (-2),':“67 | (n) k-7=-2
(&) 3-w=-g () 1 =-7
) (-%.r--% () G=6 !

.

2. Write number sentences to describe the following situations:
(a)" Paul was 14 years old in 1958. In what yeér was he
korn? | o
(v) I give you §5. You now have $§13. Haw.much did you
'have° ¢ ' * |
(e¢) Vera is 3 times as tall as her baby brother Donald.
She 1s 63 inches tall, How tall is be?
(d) The Prairie Express travels at 80 miles per hour. How
long does it take for a 500-mile trip? |
(e) Your mother had 2~% quarts-éf milk in the refrigerator
before btreakfast. Afterwards she found that she had
-g of a quart lef¢. How much dié she serve?
| *(f) The‘ Gfa;g\ Terminal had '100‘ toms of wheat. Some wés sent
to Buffalo. at a price of §30 a ton, and the rest was
sent‘ﬁo;Seattle~a% a price of $10C a ton, The total

‘reééipts were $“-h00.' How much was sent to each place?

Q / ’ ‘ - . . 6 tJ
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. In these problems use letters Fc stand for the finknown |
ﬁumbérs. You may hot'kncw hdw to solve all the equatilons,
3. BRAINBUSTER, The VWizard of Lépuéa wanted to know how
many ;owé and how many chickens there vere on a farm,
First he counted the number of animals and found that
there were 100. Then he counted the number of feet ,)
and fcundi that there wére 350 altogether, How many

animals of each kind were there? .

e may think of rumber sentences as related to truth machines,

For each mathematical verb we can construct a componenf with.
- \\
: . & ‘.
twe inputs and one output: - \

X Y X Xl Y

< >

| R T

N
Y

if numbers x and y are fed into any of these components thé output
is one of the symbols T or F (for “trué" or "fglse"), for the
truth value of the sentences

X =y, XY, x>y |
fespectively. Thus if x = 3 and 'y = ', the second component

has the outout T and the 6ther'two produce the 6utput P.

The machine diagrammed below Q%,

\ . p ‘ ‘. - " |
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will produce an output T or F whenever & number x is fed into
the machine. The part on the left produees x + 8 and the part -
on the right computes 3 ¢« x. 'Tne whole machine has the outéet
T 4if the equation ’ ‘ ¥

| x+8=3.x o
+ 1s true. Otherwise the output is F. Solving;the equatinn
means finding all numbers x for which the equation 1is true,
that 1s, for which the output of the machine is T,

These numbers are called ﬁhe solutions of the equation.

The set of numbers is called the solution set of the number

sentence (or equation)Q
X+ 8=3+x
Finq all the scolutions of this equation.
The solution set of the number sentence
x2 ¢ U
corresponding to the machine

) S

I <

is the set of all numbers x between -2 and 2. ‘Tt is represented

by the segment on the number line,

- -
-2 5 2

from -2 to 2, not including the end-points,
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The solution set of the number sentence . | :

(2 . ﬁ) >x +1
is represented by the Ealf-line x> 1:

- + : R
» ‘ 0 1.

Remember that a half-line does not include the end-point,

.L .

Exercises 2-3b

1. Vhat are the solution set of the following number sentences?
You may use the npotation (3, 5, 11} as a name for the set

whose only members.are the numbers 3, 5, and 11.

(a) x+2=17 (1) 2 » x <10
(b) 2 <« x =8 (m) x2.> 16 and x < 100 and
(¢) (2 +x)+1=7 x>0
(d) é-“lo , (n) x° (1-X)>0
2 (Hint: When is the prod-
(e) x? = 9 , uct of two numbers greater
(1) 220 - than zero?)
(&) <2 ; 1 (o) x is an integer amnd x? < 10
int
(h) %2 = 9and xS 0 (p) «x }s 2 positive integer
and x~ < 10
(1) x+1=1+x /
: (e} x is a positive integer
(3 x4+ 1l=x4+2 and,% <,%
| (k) x -« (x y 3) =0 (r) x is an integer and
2 3.x¢20and & + x> 20

63
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2-4, Some Properties of Equations

Let us exémine for a moment how one equation may be related
té other equations. This wili heip us in solving equations.
Some of the properties of equations are so obvious tha; you may
wonder why anyone would bother to mention them. When you see
wﬁat_these properties lead to, you will reélize that you can
'btain surprising consequences from a very obvious beginning.

Suppose you feéd a = 3 and b = 3 into the "equals"

machine: S b

—
— ‘ ¥

%

What ir the output, T or F? If you replace 3 by any other

number, will you obtain the same output? Surely, because any
other number equals itself:

Property 1. If a is any number, then a = a, (Reflexive

property).

Suppose my Joo is to put in a and yours is to put in b.
Suppose we each put in a number, and the output is T, What
wlll happen if we exchange numbers, if you feed in my number gnd
I put in yours? |

Property 2. 1If a and b are numbers and a = b, then

b =a, (Symmetrical proverty).
I{ we read the equat}on
2 -A3 = 0
from left to right, it expresses the result of a multiplication

protlem. If we read the equation

Al

4L 1
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6=2 3 ,‘
fram left to right, it expresses the solution of a problem in

factoring.

Property 3: If a, t, and ¢ are numbers,~énd a = b and

b =c, then a = ¢c. (Transitive property).

Consider the rational numbers %? ’ %g, and-g.

e first observe that

%? = %g (dividing the numberator and denomiator of %g by 2)
10 5 ' 10 ,

and - = % (dividing numeratgr and denominator of = by 2)
20 5 : 20 ,

but —w = 2 (dividing numerator and denominator of by ).
5D 8

Thus 1if %g -'%g and %g = g, then %g i-g;

We usually use these properties of the equality rglatiqﬁ'x
without even thinking about them, Often we use these propé}ties
in our reasoning without mentioning them at all. / h

Becauée of the transitive property of equality we often use
the abbrevliation

a=>bm=g¢
for the numbEr sentence a = b and b = c.
Similarly; the following a =b =c =d means a = b and b = ¢
and ¢ = d., Sometimes we conbine equations and inequalities:
a=Db<ec |
in an abbreviation for a =b and b < ¢. Such abbreviations
cannot lead to confusion because of properties like the transitive

property. Ye do not use the abbreviation

a>bce

65
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because 1f a > b and b ¢ ¢, there is no order relation between
a- and c which is always true, |

Let us go back to the situation where you and I were operatg
ing the "equals" machine together. I am in charge of the "a' -
input and you are in charge of the "" -input. Each of us puts
in a number, and we obtain the output T. Then each of us adds
5 to our original number, and feeds ﬁhe sum into the machine.
What will be the output now? We can express the general principle
like this:

Property 4. If a, b, and ¢ are numbers, and a = t, .

then a + ¢ = b + ¢c. (Addition property for equations.) and
c +a=¢ + D,

Suppose that, instead of adding 5 to our original number,
we had multiplied by 5. What would be the output then? Ve see
that there 1s also a multiplication property for equations.

Property 5., If a, b, and ¢ are numbers, and a = b, then
a c=p ¢ s cand c «a=2¢ « b (Multiplic&tion property for
equations,)

- Can you discover the subtraction and division properties
for equations? Be carefulf' Remember that you cannot divide
by zero, ,

Ve can apply these properties to the solution of eguatlons.

Suppose ve wish to solve the equation

(2 » x) + 3 = 17.

(}‘:'}.
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Ve can apply the addition property (using =z - -3):
Ir (2 «'x) + 3 = 17, then ((2 - x) + 3) + (-3) = 17 + (-3). -~
On the left, ve use the@associative property of addition and the
fact that 3 + («3) = 0 and we obtain that if
(2« x)+3 + (-3) =17 + (-3), then 2 . x = 1h,
We can now use the meanihg of division:
if 2 » x = 14, then x = é; .
of course, anyone knows that-%# - (WVhat is it? You fil1l
in the blank),
Thus we find that if
(2 - x) + 3 =17,
then X =7,
Ve have proved that if x 1is a solution of the given equation,
then x must be 7. We still don't know that 7 1s a solution,

Let us see.

If x = 7,

then (2 *x)+3=(2+7)+3

but (2« 7) + 3= 1 + 3

and 1" 4+ 3 = 17 f
Therefore, if ' Xx=1,

then (2 » x) + 3 = 17,

Now we know that 7 is a solution of the equation. Since we proved
“first that there can't be any other, then 7 is the solution of
the equation,

First we proved a unigqueness statement, showing that there

are no more than a certain number (actually 1) of possibilities

R A S

'
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for solutions, Then we oroved an existence statement, showing

that a certain number is a solution,

Shovr where, in the above reasoning, we used propertiés'l to
5. Notice that in sevefal placés we did several steps at once.
When you are learning for the first time how to solve equations,
it 1s a good ldea to give the reason for each step. This helps
you to avoid silly mistakes, >

You may wonder how we thought of adding (-3) in the first .

. step of solvinn the abdve equation., Ve theugbt, "Some number + 3

= 17, To find the number we must undo the operation of adding 3.
We can accomplish this by adding -3." You may know another way
to undo addition., Try to-see whether you can solve the problem

in anotner way.

Class Exercise 2-14

1. Indicate which property, » or 5, is used in solving the

following equations,

(a) v+5=7 (h) 18 + q = 8.6
(b) 6.2+ y=1.12 (1) x+G6G=5+3
{(c) -2+ um=-10 (5} .08a = 72

(d) 5+ x =15 (k) 19 =6 -y
(e) €=35 | (1) §+n=15+ .1
(f) 1" - x =0 - (m) 5.0 =1

() -% como= 17 (n) %-a 1

PRI L
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2. VWhat 1s done to the first equation to make the second?

3

Example: (1) (2 - x) +4 =7,
| (2 - x) = 3, Number ! with (-4)

(a) (1) 2+ (y+1)=38 (r) (1) £.x=10
(2) y+ I =1 ‘(2)%.:{,5
(8) (1) 1.6=1y (8) (1) 3 =-26
(2) =y - (2) 4 = (-20 * n)
(¢) (1) 2= (m3+ 5) - 6 (n) (1) (.3-m)-T7.2=>
| | (2) (3 -m) - 72 =50
(2) 2 - (m+5) =18 .
(1) (1) (5 - x) -2-=
() (L) -x=5 (3-x) +6
(2)  x=-5 (2) (2-x)-2=6
(&) (1) (F-k)+1=1
(@) k=0

3. Use the properties as indicat d on the input and output:

Example: 5x - 7 = 2x No, 4 with (-2x)
(a) y-2=7 " No., 4 with (2)
(b) 3-(2.y)=-5 - No. 5 with {-1)
(¢} (2 - #) + 7 = (5 - Q) + 1 No. 4 with (-2w)
(@) 7 =(3 - w) +1 No. ! with (-1)
(e) b=3 .w No. 5 with b%)
(f) & - 1.7 = -1.3 No. 5 with (2)

' ggQ = X5 . No. 5 with (la)

G

i
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(R) (2 +x)-(3.3) =1 © No. 4 with (3 - y)
(1) y=7- (2 -'x). 7 No. & with (2 - x) S
(J) y'='§-- 3 | "No. 5 with (x)
(k) x . y =2 | No. 5 with (%J

Exercises 2-4

1. Soive the following equations by using the properties of the
equality relation. Give your reason for each step.
(a) (2 «+ x) +1=7 (c) 2-3 4
(b) vy-2=0 CAd) (3 ex)-5=(2.x)+3

2.‘ Solve the following equations:

(a) x+3=0» (8) y-3=05

p "(p) 3+ - -2 () 3 -us= . 5

g ,(C)'~(2'V)+3=5 - (1) (2-&-:)-3;:,
(@) 3+(2-m)=-» (J) 3-"(2.8) ==y

(e) (2 - w)+fm(n.w)+1 (k) (2 «t) » L1 =(5.1t)+1
~ (f) B+ (2-w)=(-Lcuwy+L (1) 15-(b.w)=(@ -w + 1

3. (a) Which of tihc Properties 1 - b are also ﬁrue of inequalities?
\ {eplace the " = " sign by the-" ¢ " sign in each, and
tell whether it 1s still true or not, If it 1s not
true, give examples with numbers in which it is false.
(p)" In Properties 1 to 3, replace the word "numbers" by
"human beings" and the " = " signAby the phrase "1s‘the

sather of", Which of the resulting statements are true?
(c) Do the same as in part (b) using the phrase “is the

ancestor of" in the place of the " = " sign.
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(d) Do the same as in part (v), using the phrase "is the
same person as or is an ancestor of“‘

(e) Do the same as in part (b), using the phrase "is married
to",
2-5. Number Sentences with Two Inputs. Graphs.

In the previous examples of number sentences, there was only

one input. Ve could also have more than one input, Look at this .-

&

sentence
X+ 1l=y.

A trith machine for this sentence would look like this

N
- i

If x = 3 and y = 5, is the sentence true or false? If x =7,

what must y be for the sentence to be true? If y = -5 what

'must X be ip-order that the sentence be true°

[N

The solutions of this equation are pairs of numbers Ve can

make a tablellisting some of these pairs:

-
- ¢

X 1 Y -
¢ 1
\ l 2 -
. : 2
\ . Q0 .
2
%
. 13
(o
5 ~ 71 i i

-
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Before you continue reading, copy this table and work out tﬁe
missing numbers. For exampie, to 11l in ﬁhe third line, set
X = 2 in the above eéuation. Ask yourself, “What are the
possible values of y?" You must read the rest of this chapter
with pencil and péper handy. Do not go on to a new pgragraph.'
until you have answered all the questions in the paragraph you
have Just read. In much of this chapter you will need to use
graph paper and a riuler,.too, .
We may say that the pair (O, 1) is a solution of ﬁhe equation,

This means that if x = O and y = 1, then the equétion is true.,
Notice that it makes a difference whiéh number is named first.

The mair (1, O0) is not a soiution since if x = 1 and y = 0,,

then X+ 1=1+4+1=2
S
gpd the equation X+ 1=

is not tmue.
A palr 1n wvhich the obJects are considered in a definite

order 1s called an ordered palir.

The ordered pair (2, 7) is the ,same as the pair (x, y) if
X =2 aﬁd y = 7, and only then. This pair is diffefent froﬁ
the orderel 1:ir (7, 2). |

The solution set of the above sentence

X+ 1=y

1s'a set of ordered pairs (f numbers. For which number y 1is

the ordered pair (2, y) in the solution set?

~7
r

.
i
A,



Picture the solution set on your graph paper, Pick out N

two lines for the x-axis and the y-~axis and‘draw them ;n hea?ily i

+
3
w4

with your pencil. ILabel the vertieal'aﬁd horlzontal lines as

-shovin.

Y

e

sr PW N Jﬁﬂ'-ﬂ N Q

Mark off on your graph paper all the points (0, 1), (1, 2), etc.,
whose coordinates are in the solutlion set. What do you notice
about them? They form a simple geometric figure. To what set
of points does tpe‘solution set cdrrespond? This set of points
is called the graph of the given number sentence, or equation,

Ve are going to illustrate with the equation
' 3

Yy = X,
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L :
* 0 0 {
. 1] 1 ‘i
- 2| s
3| 27 - .

L Y2 can see that as x increases, y increases rapidly.

What happens if x 1is negative?‘ - o S

) Do'yog notice anything? |
-Let us plot these points on our graph paper:
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i { - i i
: ! i H !
e J— - C b - - L — . -
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Already the points (3, 27) and(-3,~27) are off our graph paper,

L S DU W

But we ecan see that the graph is rising rapidly on the right,.
How do you think it goes on the left? The points (-1, -1)

(0, 0) and (1, i) are mysterious, Is thls part of the graph
straicit or curved? In order to see more clearly what the graph
looks like, let us use a mdapnifying glass, let us draw this part
of the gréph with a much blyger s;ale and find some more pairs

in the solution set.

X | N

1 1.

.9 .729

.3 .512

.7 . 343

O 216

5 1125 (CHECK these computations)
A .06t ‘
3 .C27

.2 .008

o1 001
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practice, let us drayr the graph of the equation

o8l IR IR T A RSP f
e R RO e =

a2l

4

Just fo

Ve sec that the graph 1s a continuous curve that looks like this
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Here is a diagram of the truth machine for this number sentence:

N >’9~»4\ L

F111 in the blanks in fthe following table: , .

!‘t.;ii'h%'

il

X y
0 0
4 y
N
1.9
2.1
9
-1

4
Find five more solutions of the equation, Plot the points and

gketch‘;he craph, Vhere does this graph intersect the graph of

the equation x + 1 = y? Vhere does it intersect‘the graph of

the equation y = x?

Let us try another one, just for fun. Bonnie has in her
purse 3 dollars in dimes and quarters. Vhat possible combinations
can she have?

Let d ©bve the number of dimes and q be the number of

'quarters.' Just as the value of 3 dimes is 10 +* 3 cents, so

the value of d dimes 1s 10 -« d cents, Similarly, the value
of q quarters i1s 25 ¢ q cents. The total value of these coins-

1s (10 » d) + (25 « g) cents, and this must be equal to 3 dollars,



points,
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But, walt a minpte! VWVe must make up our mind whether we want to
measure our money in cents or dollars, Let us use cents through-
out. Then 3 dollars is 30C cents. Therefore the paif (d,q) is
2 solutlon of the equation . |
(10 - 4) + (25\. q) = 200,
Vie ﬁust be careful, however. This equation is not a
completely correct translétion of the real situation into-mathe-
matical languare. DBonnie cannot have ﬁwenty-seven and one-half

dimes, The inputs of this problem must be non-negative integers.‘

The number sentence vwhich really describes thie situation is, d

‘and g are non-negative integers and (10 . d) + (25 - q) = 300.

The solutlion set of this number sentence is made up of the

following 7 ordered pairs:

(O! 1‘2)} (5! lo)! (103 8)! (15! E))! (20, }’)! (25! 2), (302 o)‘

The pgraphh of thnis number sentence consists of seven lsolated

Y

A chain store nas 5 tons of coffee in 1ts wviarehouse in Nevw
Orleans, It sends s tons to San Francisco and n tons to
New.Yorit, ‘hat are all the possibilities?

The total amount sent is s + n tons., Thls cannot be more
than theré is In the warehouse altorether, Therefore s and n
are rclated by the 1nequality‘

s +n<b,
(Remember that the symbol " ¢ " means "is equal to or less than.,")

But (-1, ) is & solutlon of this number sentence which does not

f1it the probvlem. How can you send -1 tons of colfece anyvhere?

Tie Inputs s and n must be nop-nesative, The correct

8

N
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mathematical description of the relation between 8 and n is

§
- the number sentence

s>0Cand n20 and's+n55.
Let us try s = 2 and {ind all the possible values for n,
Since 2 + n ¢<_ 5, then n cannot be more than 3. But n cannot
be necative either, Therefore, O ¢ n 3 and 1t 1s easy to see

that any number vetween O and 3, the =xtreme is included,

(0 and 3 is included) 1s a possible value for h. The points

{2, n), with 0 < n ¢ 3, form the segment from (2, 0) to (2, 2).

Similarly we see tﬁat if x = 3, the solutlions are representgd by
the segment from (3, 0) to (3, 2). |

For any numter s ©vetween O and 5 the greatest possible
vélue of n 1is 5 - s, and the least possible value is n = 0
The number n can have any value between these extremes, The
number S cannot be more than 5 and it cannot be negative. So
the boundary of the graph of the above number sentence 1s part of
the lines n =5 - s, n =0, and s = O, The graph of the number
sentence'is the triangular region enclosed by these lines, to-

gether with the boundary of the regilon,
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Exercises 2-5

1. Graph the following equations:*

(a) y=x+1 (h) x+y=1

() y=(2x)+1 (1) x+y=-1

(¢) y=(3:x)+1 (3) S+%=1

(a) ¥ =(-2.x)+1 () §-%a1

(e) y=x+2. (1) y=(2+x) +3
(£7 y=x+(-3) (m) y=(-5%-x)+3
(g) x+y=0

*Draw the followiny families of graphs on the same sheet of

graph ‘paper:

(a), (v), (c), (a) . (3), (k)
(a), (e), (£) (), (n)
(), (n), (1) (1), (m)

2. Grapn the following quations:*
(a) vy =xf (e) y° =x°
(b) v =x (r) x-y=1
(c) v = x (g) x vy =-1
() v =~ x° (h) x+y=0

*Dravw the following families of graphs on the same sheet of

{sraph paper. ‘

(2), (v);  (a),(c); (a),(a); (e),(1),(g),(n)
3. Graph the followiﬂg number sentences:

(a) x+y=1land x>0 and y >0

{b) x+yglandx>0 and y >0

(¢c) x+ y =TLo and x and y are non-negative integers.

£ .

Qo | : ) 8:)

s
.
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(a)
(e)
(£)
(g)
(n)
(1)
(J)
(k)
(1)

2-5

Yy = X when X > C and y = -x when x < O,

y = x°

and y < 1,
¥ = the larger of the numbers x + 1 and 2 - X,

vy = 1(lint: ¢this is the same as y = 1 + (0 » x)

y® = 1,
w =1,
xe = C

x =0and y = 0,

2

. 2
X+ y- = 0,

I, In the following number sentences the domain of the variable

1s the set of non-ncsative integers, List the solytion sets.

Hoir many solutions does each of the sentences have?

(a)
(©)
(c)
(a)
(e)
(£)

n+y =1 , (g) x+2y = 3

X4y =2 (h) x + 2y =1

» +y = 20 (1) x + 2y = 25

X+ 2y =0 (1) (5 x)+ (7 +-y) =35
X+ 2y =1 (k) (5 x)+ (7. y) =230
X + 2y =2 (1) (5 x) + (7 «y) =37

5. In tie provlem about the coffee, suppose that the warehouse

must send at least one ton to San Francisco and 2 tons to New

York in order to supply regular customers, Write a number sentence

which describes the new situation completely. OCraph this sentence.

ay

6. BRAINBUSTER, Make a table showing all the solutions, and the

number of solutions, of the number sentence.

.
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~and y are non-negative integers and (2 + x) + (3¢ y) = n _

for n=0, 1, 2, 3, etc. Here is the beginning of the table,

n Solutions NHumber of Solutions
0 (0, 0) 1
1 0
2 (1, O) 1
3 (0, 1) 1
b (2, 0) 1
5 (1, 1) | 1
S (3, 0), (0, 2) 2
I (2, 1) 1
—3 (h, 0), (1, 2) 2
(3, 1), (0, 3) 2
10, (5, 0), (2, 2) 2
(a) Subtract from each number in the third column the one
three lines above 1t, For example subtract from the
_— number in the 3rd line the one in the Oth line, from the
one 1n the 10th line the one in the 7th line, etec.
) vhat did you notlice about these differences? Do you

e

(p)

See any easy wvay to continue the table?

For a%l the solutions in thé n-th line compute x + y,
Call this number k, For instanée, in the 10th 1line we
obtaln values of k the numbers 5 + 0 = 5and 2 + 2 = i,

Yhat do you notice about the values of k in each line?

~e
)
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(:) Make a table showing the larpest and smallest values

of Ik 1n each line. Here is part of the table:

n largest value of k | smallest value of Kk
5 3 | 2
3 , 3
3 b 3
. S h 3
10 : 5 : il

What is the law about the~largest value of k? VWhat about the
" smallest value of k? How are these values reiated to the
number of solutions? Can you find the largest and smallest
values of k when n = 100? Vhat is the number of solutions
when n = 1007 |
(d) 1Investigate the same problem for ~ome number sentence,
such as; x and y are non-negative integers and

(3« x)+ (& « y) =n,

2-6, Solving Families of Equatiors
Solve the equationé; //

x + 2 = 3, | /

X +2 =1,

X+2= %,

x + 2 =6,

By now you must be getting bored, You may decide to invent a

machine for solving all problems of this type.

83
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You could imagine that there is already a machine for

computing x + 2: -

Somecne f[eeds you the output y of thidmachine. You want to
know what the input x was. You wish to design a machlne fthat
works on y and produces as its éutput the original input x.

If vy = x + 2, wvhat do you have to 4o with y"to obtain x?
Look at the above cases vhere y = 3, 4, 5, and 6, respectively.
What must you do to unda adding 2? Can you make a machilne which
would operate on y and produce x?

, ‘
Solve the folloﬁing equations for x:

X+ =y

X -2=Yy

N 3+ x =Y
\ 5 - X =y __ :

Check yoﬁr solutions by choosing particular values for y, such -
as y = 4 or y = -2, and computing x.
Now solve the equations:
2 *»x =0,

¢ X =1,

2
2
2 * x =3, °
2

N\




78 ' | | ‘ . | 2:6

!  What is the general principle? If y is known, how can you

solve the e&uation .

2 *x =Yy
-

o for x? . N

Design a machine for'computing the input x from the output

& e

y of the machine diagrammed below
SN .
. . o '

X

Solve the following equations for x:
~ 3« x =Y, ,

(-k) * X =Yy,

3= ~
X « 3=y
Now try solving these equations:
{2 e xX) + 3=0,
' (2 » x) +3 =14, .
] ~ (2« x}) +3=5,.

(2 » x) + 3 = 0.
Can you solve this one for xi _ o

(2 * x) + 3 =y.




‘Désign a machine for computing the input x Jif you'are given the

B A ol A D DA
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*

output y of this machine: | -
2
X T
y
x .
3

1. Jolve
f(a)'

. (p)

(c)

(d)

(e}

(r)

()

2. FYor e

Exercises 2-6

the followling equations for x:

y=(2 " x)+1 (h) y=1(2-x)+5
y=1{(2"x)-3 (1) vy=7- (2 x)
(2 = %) +y=T7 -(3‘) (2 - x) =7 -y

(2 «x)+(2-y) =7 (&) -(2-x)-(3-3)=7

X _ X -1
y =3 (1) y=%51
‘—rg 'Hg_
J TR (m) y=%-3
X -y =2 (n) x « (y+3) =2

<

ach part in Problem 1, design a machine for computing

x 1f the number ¥y is given.

3., (a)

(v)

()

If the inbut to the machine in Figure 2-05 is x = - 3,
wgat is the output? Solve the equation |

| L (é ¢ x) +'3 =y, ‘
Sol@e the number sentence:

vy = (2 + x) 4+ 3and y = x,

Solve the number sentence:

y = (EP' x) - 3and y = x

‘ 8y

# *
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{d) Solve the numbér-sentenqe:
y=(2x)-3 and y = ﬁ + 1,
(e) Graph the equaﬁions
y=(2+x)-3
and
y =x + 1,
Locate the solution of part (d) on your graph. What
- - do you notice?

- | B
4, BRAINBUSTER. Solve the equation: x =% - (x +=).
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SCIENTIFIC NOTATION, APPLICATIONS

*

OF PER CENT

3-1. Large Numbers

Harry, Edward and Edward's younger brother, Tim, were
playing a game, showing off how muchfthey-knew about numbers..
Harry started it by’bgasting 51 know more numbers'than you éo."
Of course, Edward responded with "I'1ll bet you don?t", and
little Tim, wanting to continue to énjoy their company, said -
nothing at all. So Harry started with "a hundred" and Edward
came back with “a thousand is more than a hundred". Harry gained
the advantage with "one million" and Edward ‘after some thought,
remembered "one billion" (he had heard it in connection with
the national debt). That was as far as they could go and Edward
was just about to declare himself the victor when little Tim
spoke up with "one more than one billion". For this the older
boys pounced on nim and sent him home, ‘But after Tim had gone,
they spent the rest of a warm summer afternoon {the f'ish were

not biting) arguing about it. Do you think Tim was right? If

- you had been there would you have won the géme? How? ‘ /

Actually we have names forllarger groups of numbers than
one billlon, such as trillion and quadrillion. Consider the
numeral

3141590653589793. B
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It is hard to read such a number written In this form.

3-1

One

common way to make it easler to ‘read is to place a comma to the

left of every third digit counting from the right a5 follows:

3,181,592,653,589,793.

Though we put the commas in from rignfvto left, we read the number

* from left to right according to the following diagram:

- would 593,000, which is a much larger numter.

‘with addition and would write this in numerdls:

= =
-8 o 5 e
o (o] ~d <
—f ~~ ~4 o
< —i —~ ~t ~
o} — —~ o~ o
b 5 g E 5
- &3 o] T
e
s
o ot Gl (ol 3
3 o ¢ o E %
o }a K &~ M
o S oo g:m ?cm g:m TR0
g S0 Soc Y0 S0 c 553
P o S0 L9 0 S0 S99
3, 1%1,592, 653, 589,793

. Thus we read this number as follows: three quadrillion,

one hundred forty-one triilion, five hundred ninety-two billion, -

six. hurdred fi:ty—three million, five hundred eighty-nine

thbusand seven hundred ninety-three. In reading such a numb/é—7

we have to be careful not to use the word "and%. We can see the

reason for this if we consider what might be meant by "five

hundred and ninety-three thousand", Ve associate the word "ang"

which is equal to 93,500, But five hundred nine-three thousand

Omitting the

"Mand" avoids misunderstanding, We usually use the "and" to mark

81

500 plus 93,000,
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_the. decimal peint, e.g., 583.12 1is read "five hundred sixty- e

three and twelve hundredths",
"'Ydu may not know that the British have a different way
of denoting large numbers. Thelr words “thousand" and "million"
mean the same as ours but their "billion" means what we would
call "a million millions™ or "one trillion". They would call
the above numeral the following: | , ‘ |
Three thousand one hundred forty-one billion,
‘five hundred ninety-two thousand six hundred fifty-three million,
f'ive hundred eighty-nine thousand,
sevén‘hundréd ninety-three. _
Do you see any advantages in the British system? Any disadvantages?
Actually such numbers as these seldom occur. This does not
mean that numbers of this size do not happen but merely that we
do not know any number which is as accurate as this would seem to
indicate. The population of a city of over a million inhabitants
might te given as 1,576,901 but this Just happened to be the sum
of the various.numbers complled by the census takers. Howiever,
it is iigtain that the number chanéed while the census wsas: being
taken and that 1,577,000 wou.d ‘e accurate to within one person
in a thousand--just as accurate proportionately as il a man had
made an error of 1 in counting the population of a town of 1000
persons, For this. reason there is no harm in)rounding the
original number to 1,577,000, 1In fact, for mést purposes, e
would merely say that the populatjon'of the CEty is "about one

and one-half miliion, which could be written:

1,500,000,

- —

91
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There are other ways offfwriting this number which have some
adcgntages over this one. A hint of how this can be done is
given by our statement "one and one-half million", Now one
mtllion can be written: 1,000,000. Also 1t is
10 x 10 x 10 x 10 x 10 x 10,

that 1s, the product of six tens. So we‘can vrite

| 1,000,000 = 106.
The "exponent" 6 counts the number of tens in the product, Ve
‘could also get 1t by counting the number of zeros in the numeral
1,000,000, (Simiiarly one billion could be written 109. Why?
Just as one milliog is the sixth powver of ten, so one billion is
the ninth powver ol ten, How could one trillion be written as a
povier af‘tén?) ‘

| Then two million 1s two times one million and could be written

2 X lO6

t

Lleven million 1s 11 X 100,

One and one-half million is l-% x. 10° or 1.5 x 10°,

2
This form of vriting numbers is called "scientific notatilon®,

To take anotner example, consider the dlstance from the earth
to-the cun. You know tnat it varies according to the time of the
year slnce the cartn does not travel "in a clrcular vath; but the
average distance has been calculated to be about 93,004,000 miles,
It can vary by about b That is, at any time the distance could
ve 1 -é‘-% more 6:9 1 -;2 ° less, Now 1 %"/. of 93,004,00 1s about one
milficn.(see Provlem & below); that 1s, the distance can vary from

93,004,000 by more than a million miles in either direction,

91

i e

-
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Hence there is no great loss in accuracy if we say that the
éistance from the earth to the sun is about 93 million miles. Ve
could write this 93 X 106. Since 93 x 106.= 9.3 X 10 X 106
.t%is number could also be written:

| 9.3 x 107.
Thisgls another example of "scilentific Aotation".

Deflinltion. A number is expressediin scientific notation

i it 15 written as a product of a number between 1 and 10 and

A Y

tne avpropriate power of 10,

Some examples are: _
1

900,000 = 9 x 10~ 70 = 7 x 10° = 7 x 10
J,000,000,000,000 = 3 x 1012 7300 = 7.8 x 10°
193,000 = 1.93 x 102 3457 = 3.457 x 10°

Of course tnere would be_nq harm in writing 193,000 as
1.930 x 107 or 1.9300 x 102,
Althougn there arc situatians in which this wvould Sé done, we
shall not do it in this ualt. Notice that each is in-scientific
notation, since the members of the product are a power of ten

and a number between 1 and 10.

Exercises 3-1

1. Vrite the followingdAn scientific notation:

(a) 0©7§,000. | (d) 73,000

(b) 9,000,000,000. . (e) 759,000,000,

{c) 5,000, (£) 781 x 107
Ho

L hpy f

4k
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2. lirite each of the following in a form which does not use

scientific notation:

3 (o) 7,320 x 107

(a) 2.2 x 10" (b) 5.897 x 10
Y. Write, or say, in words eacihh of the numbers of.the last two
exerclises, |
k. Wiat is 12% of 93,00%,00?
e Usinﬁ Juast two 9's can you write a number 1arse; than 99?7
u, Write tue largest nuaber you can using Just three 9ts,

Kstimate now large it 1is.

2-2. Calculatling with Larce Numbers

ot only 1s scicntific notatlion shorter in many cases but

it makes certairn caleculations easier., Vve snall start with some
{
rather simple ones. Suppose we want to find the value of tne

product: 100,000 x 1, 000,000, Since the first member is the
product of f'ive tens and the sccond of six tens wg‘have

100,000 = 16° - and 1,000,000 = 10°,
Then, since the product of five tens and the proquct of six tens

1s eleven tens, we have | -

102 x 10° = 10%Y,

j
This is one hundred billion but it 1is simpler tq_leave it in the
' 1
form 1011 thhan to write a 1 followved by eleven zeros. Notice

that we merely add the exponents. Similarly,
' 6 1

22 x 29 2 pll, .

Suppose ve wish to find the product of 93,000,000 and 11,000,

In sclentific notation this iwould be

I 43

B e AL
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9.3 x 107 x 1.1 x 10°

= 9.3x 1.1, x 107 x 10"

= 10,23 x 10%?

= 1.023 x 1012,
Can you find anothef way to use powers of fen in such a product‘
without quite uslng scientific notation? Do you think it is
simpler than the one we used? |

Now consider a more difficult example.. Distances to the

stars are usually measured in "light years“? where a light year
is.the distance light travels in a year. This is a good way to
measure such distances pecause 1f_we expressed them in miles the
"numbers would be so large that it would be difficult to write
them, much less understand whét they mean, But suppose we wish
to estimate about how many\miies é light year is. Now, the speed
of light has been determinéd to be about 186,28% miles per second.
(Since the distance around the earth at the equator is about ‘
25,000 miles, and since eléctricity has the same speed as light,
can you calculate how many times around tge earth electricity
could travel in a second? See Problem ! below.) Thus, in order
to find the number of miles in a light year, we must first find
the number of seconds in a year., Then 1f we multiply this |
number by 186,284, we will have the number of miles in a light

year.

‘The number of seconds in a year is approximately:
~, 60 x 60 x 2L x 365 = 3600 x 8760,

™~

94 IS
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'4n sclentific notation this is
3.6 x 103 x 8.76 x 10°

3 3

= 3,60 X 8.76 x 10" x 10

= 31,536 x 10°
= 31,5305,000.
This is approximately 32 million, which 1s
3,2 x 107
in scientific notation. (Why is 31,530,000 not exactly the
number of seconds in a year”)

Now if we take the speed of light to ve approximately
.200,000 miles per second, then the number of miles 19 a light
year will be approximately the product

5 x 109 x 3.2 x 107 = 6.4 x 10*2,
Thus there are almost six and a half quadrillion miiesiin a
light year. No wonder distances to the stars are expressed in
light years instead of miles! But we shall see that this

number is very small compared to the number of atoms it takes to

weligh an ounce.

Exercises 3-2

1., Using scientific notation, £ind each of the following produdts
and express your answer in scientific notation:
(a) 9,000,000,000 X 70,000
(v) 9,300,000 x 72,000
(e} 125 x 17,300,000,000

JLZI‘:M.*
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2.

3.

Using tH® estimate we made above for the number of seconds in’
a year and the fact that sound travels about 6ne—fifth of a \
mile a second, find approximately the number of mileé which
would be travelled by a Space ship in a year if 1t travels

at five time§ ;he speed of éound. |

Suppose on a hike you cover three feet at each ster. How
many miles, approximately, could you cover in one million
steps? |

Using the rigureslgiven above find approximately how many
times electricity could travel sround the earth at the equator
in one second, |
Suppose you had the task of making a mlllion marks on paper
and you made two marks in a second. About how many hours
would it take you to accomplish the task?

In the latter paf% of the 19th century, travelers in the
vestern part of the United States traveled by covered wagon
or stagecocach., Mail was sent by Pony Exvress. A good day's
journey in a covered wagon was about 20 miles., At this rate
aboul hov long would it talte to trave’.from New York to San
Francisco, a distance of about 3000 miles?

Under good conditioﬁs stagecoacnes could average around 00
mlles per day. About how many ‘days would you have to travel
in a stagecoach to make the trip frdm San Francisco to New
York? | |

By changing harseé gvery ten miies and changing riders every
30 miles, the Poney Express avéraged aboup 25@ miles per day.

How Iong approximately would it take i1t to make the trip above?

.r)()l
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9. At the rate of one dollar per second, about how many days would

it take to spend a billion dollars? h

10, How many 8-hour days would it take to céunt-a’biilion dollars
at tﬁz rate of one déllar per second? How many years?

11. A commgter pays 20¢ per day f;r his fare on the subway. About
how many dayé must he travel to spend a million cents?

12. IHave a million'days Passed since the year 17 About how many
years are there 1n a million da&s?

13. About how many seconds does it take for the light from the

sun to reach the earth? How many hours?

14, The earth's speed in Its orbit around the sun is a little
less than seventy thousand miles per hour., About how far
does the earth travel in its yearly Jjourney around the sun?

15. Approximately how long would it take the space ship Aescribed

in Probtem 2 to reach the sun?

16° Approximately how many years would it take the space ship
described in Problem 2 to reach the nearest star four light

years away?

3-3. Small Numbpbers |
Sometimes we have to deal with very small numbers. For
- these, too, scientific notation is useful. Cne small number is
0.00000L, which we reéd as "one millionth”. This can be written
as a pover ot the one-tenth. To see this, make a table of the

powers ol one-tenth:
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(0.1)* = 0.1; © (0.1) x (0.1) = (0.1)% = 0,01
(0.1) x (0.1) x (0.1) = (0.1)3 = 0,001
(0.1} x (0.1) x (0.1) x (0.1) = (0.1)" = 0.0001
(0.1) x (0.1) x (0.1) x (0.1) x (0.1) = (0.1)° =
0.00001 |
(0.1) x (0.1) x (0.1) x (0.1) x (0.1) x (o 1) =
(0. 1)6 = 0,000001
Here the exponent indicates the number of times 0.1 occurs in
the product. Notice that it 1is not the number of zeros after
the decimal point but 1s 1 more than this number.

We know that another way to write 0.1 is and thus

<
10
0% - ) - bk xdxdxd

1 1

T X IOXIOXI0OXI0OXI0™ 100

A simpler way to write “l6 is ZLO"6 with a negative integer

10
as an exponent. fThat is, we usg the negative exponent -6 to
indicate that 1 is divided oy the product of six tens, Sim‘.arly,
1 divided by the product of nine tens wou)d be written Ay 9.
Furthermore, 1 divided by the product of four 5's would be written
S-u. Just to show how this goes we make the following table of
powers of ten: |
- 10° 10" 108 102 10! 10° 101 102 1073 107t
100,060 10,000 1,000 100 10 1 0,1 0,01 0,001 0,0001
Where in each case the power of 10 occurs immediately above ﬁhe
number';p represents. There 1s one entry that needs special

comment. In order to make the exponents the integers in order,

98
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we define 10° 0

to ve l.v'In fact, it is convenient to define 2 : P
to be 1; any number, except zero, raised to the zero power'we
‘Qefine to be 1.

| Now how could we write‘b.0009 in scientific notation?

It is 9 x 0,0001, that is 9 X 10"“. Here are some other small

numbers written in sclentific notations:

| 3.000004 = 4 x 107°

0.000056 = 5.6 x 10~ 2

[

0,01234 = 1.23% x 1072
0.12345 = 1.2345 x 1071,
The numbers we have written above are 1érge compared to
0.000000000000000000000027 = 2,7 x 10722
which 1s the approximate weight in grams of one atom of oxygen.
Here the advantage of the scientific notation is most apparent.
Just as we used the scientific notaticn to multiply large
numbers, so vie can use 1t for products of small numbers. Suppose
we want to multlply )
0.0000057 x 00000000896,

In scientific notation this is:
8

8

5.7 X 10“6 x 3,96 x 10~

6

= 5,7 x 8,96 x 107" x 10~

-1
51,072 x 1071

i

= 5.1072 x 10713
We can check this by the usual rule for peointing off.a
product. To do this we count the number of places to the right
of the decimal point in 0,0000057, which is 7; this checks with
the fact that the number of places to the right of the decimal

1

99
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point in 10-C

i1s 6, the -number of places to the right of the
decimal point in 5.7 i 1 and 0 + 1 = /. Similarly ﬁhe number
of places to the right of the decimal point in 0,0000000895 is
-+ by either éalcu}ation 10 and 10 + 7 = 17 which 1is eéual Eo
% + 13, the number of places to the right of the decimal point %h
| 5.1072 x 1013,

In fact, we can use powers of ten to explain the rule for
muitiplying decimals. Supposevwe are to find the product of
lEHS.S and 0.062. Then first we take the product as if no decimal
points were present, getting 4870, Then we notice that the first
member of the product has one place to the right of the decimal
point and the second member has three places to the right of the
decim&i point, - Thus, by oér rule, since 1 + 3 = I', our ansver
has four places to the right of the decimal point and must bé
written: 0.4870, The rule is: |

To find the number of places to the right of the decimal
point in the pdroduct of two decimals, add the number of places
to the right of the decimal point in the two factors of the
product,

To see why this works in terms of the example_given we tan

1

write 243.5 as 2435 x 1C”~ which 1s one way of show.ng that 1

is the number of places to the right of the decimal point in
2l13.5; and writing 0,002 as 2 i 10'3 which shows that 3-1is the

. number of places to the right of the decimal point in 0,002,
Then

1 X 2 %X 1079

o= 2U35 x 2 X 10-1 x 1073 = 1870 x lO"k'u 0.4870

£ S

243.5 x 0,002 = 2435 x 10~

l I
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- Since (-1) + (-3) = -1, we have the 4 which gives the number of
places to the right of the decimal point in the product. It is
not hard to see from this example that the ruleé would hold no

matter what numbers we had in the product,.

Exercises 3-3

-

1. Write each of the following as a power of 10.

(2) 0.001 ” (e) 0.00001
(v) 1,000,000,000 (d) 0.00060000001

2, Write each of the following without using exponents:
(@) 2% () 273 (e) 2° (g) (-1)1°
(b) 53 (a) 2°%° (£) 5°

3. Vrite each of the following in scieﬁt;fid notation:
(a) 0,093 (c) 0.157
(b) 0.0000786 - | (da) 123.56

4, Using scientific notation find the product of each of the
following:
(a) ©0.001 x 0.057
(p) 0©0.00123 x é'OOOOOOOEP
(¢} 0.0000856 x 0,00000012
(@) 1,000,000 x 0,00001
5. As in the text above for 243,5 and 0,002, show that the
rule for placing the decimal point in a porduct holds fér
556.7 % 0.12 |

Iy
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3-4, Products of Larze and Small Numbers.
Sclentific notation is also useful in finding products of
large and small numbers. Suppose ve start with a simple one:
10,000,000 x 0.00001., These are powers of ten and we can write
the product in the(form
107 x 1072,
Since 10°° = _15.1t follows that
. " "
\ 10 7 10-5 - 207
10" x 10 - = -
) 10
In the numerator of the fraction we have a product of seven tens
and 1in the denominator a product of five tens. So it can be
written

10 x 10 x 10 X 10 X 10 X 10 X 10 .

107 107 10 7 10 T 10

But %g = 1 and hence the product 1s equal to

I0OX 10X 1x1x1x1x1

which is 102. If the product had been lO8 X lO"5 the answver

would have been 10° = 1000. So in these cases:

107 % 107° = 10%; 108 x 1075 = 103

In a similar fashion we would find that

16

10 x 1079 = 107,

A quicker way to get the 7 would be to add the exponents on the

left: 16 + (-9) = 7., This, you recall, is what we did earlier

for positlive exponents, e.g., 105 X 107 - 1Ql3. hat would

4

be the answer for 107! x 1077

'u‘?

74 s

oM i



" 3ey | | 05
How consider another product that is a little mofe difficult
6,0Q0,000 X 0.000023. In scientific notation this is
6x 10°x 2.3 x 1072 = 6 x 2.3 x 10° x 1075 .
= 13,8 X 10t = 138 or, in scientific notatign
= 1,38 x 10°, : V |
If we had the product 6,000 x 0,0000023," it would be
6 x 10° x 2.3 x 10'6'- 13,8 x 10~
= 1.38 x 10”2 = 0,0138..
Suppose we use vhat we have learned %o get some idea of
how émall the weight in grams of an atom of oxygen really is,
Vle wrote it as 2.7 X 10"23 but this really does not pgive us much
idea of its size. Here is one calculation that will help: there
are about 2% billion people on earth. Suppose each person's
welght were equal to that 6f one trillion atoms. Then the combined

weight of these 2% billiOn persons would be

2.5 x 2.7 x 10723 x 107 x 10'? = 2,5 x 2.7 x 10723 x 102!
= 2.5 X 2.7 X 1072 = 0.087 grams, approximately.
Thus the combined veight of one billion such "people would be
0.027 grams, which 1is much less than the weight of one drop of

water. (One cup of water weighs about 250 grams).

Exercises 3-4

1. Find the values of the following products:

12 103 x 1012

8 :

(a) 10

12

(b) 10% x 1077 x 10~



AN

‘2. Using scientific notation find the values of the follawing:h
(a) 2,000 x 0,0013 ‘
(b) 23,000 x 0,0002%
(¢) 2,000,000 x .0.00000000001%

3. HMultiply 3.141,592,6053,589,793, the number given in the
first section, by 102>, The answer 1s T to the first
fifﬁeen decimal places,

i, A gram is the weight of a cubic centimeter of water under
certain physicial conditions. (A centimeter is about two-
fifths of an inch). About what fraction of a cubic centimeter
of water will weligh 0,03 grams?

‘5. A star is one billion light years from the earth. How would
the number of miles this star is from the earth compare

with the number of oxygen atoms 1t takes to welgh one gram?

3-5. Percent
You have already had some acquaintance with percent. You
kmow, for instance, that "percent" means "hundredths", that 1is,

15 percent, written 5% is

15 oF 15 X x5 = 0.15, and

- 178 1 |

178 = looxms 1,78
If you know how to work with decimals, the only hew thing about
percent is translating percents into decimals and decimals into

percents, - )

]‘/4
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Suppcse‘we considér a few problems in#clvihg percent,

If a city's population increases from 10,000 to 10,500 in a

year, it will have Increased by 500 people. Now the increase of
500 people is not especially important by itself, but what is
more impcrtant i1s the ratio of the Increase to the population,
that 1s, the fraction |

500
10,000

whicn is equal to 6.05 or five hundredths. Since one hundredth
is the same as one percent, we could also say that the population
had increased by five percent, written 5% If the population of
the city were 1,000 instead of 10,000 and the increase were still
500 persons, it would have increased vy 50% since f%é% = 0,50,
If the population of the city were 100,000 instead of 10,000
and if the increase were still 500 persons, the ratio of increase
would be Iﬁg%gﬁﬁ = 0,005 vhich 1s 0.5%or one-half of one percent.
The most startling increase was for the town of 1,000 persons,
aince there the ratio or percent of increaSe vas the largest.
Suppose the population of a certain town was 1000 in January
of 1857, its population increased 4% during that year and 5%
during the year beginning January 1953, Vhat was its population
at the end of 1953? To answer this, first notice that the first
year its population’increased by ‘4%, that is, by 0,0! x 1000 =

4O persons., Hence i1ts population at the end of ﬁhe first year

~was 1040, Then it increased by 5% the follguing year, that is

by 0,05 x 10L0 =.52, Thus its population at the end of the twod
years vias 1040 + 52, that is 1092, This means that its ratio of

gain over the two years was I§§U‘= 0.092, which is 9.2%.

’:/5

<«
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The interest which a bank gives fovr sé&ings éccounts is
also stated in terms‘of'percent. If the bank pays 3% interess
per year, the.intérest on $100 for one year will be 3% of 5100;
That Is, the number of dollars you will receive as interest at
the end of the year will be 0.03 x 100 = 3. And if you draw out
your money plus interest at the end of the year you will nave
$103. DBut if you leave your money in the savings account, the *
;econd year you w1lll not only get Interest for one year én the
hundred dollars you originally deposited but also interest on the
$3 which you got in interest at the end of the first year. Hence
the intercst whiecnh your money will earn the second year will be

0.03 x 103 = 3,09
and the total amount which you can withdraw at the end of two
years would be
$103 + $§3.09 = $106.00,

Interest on interest computed in ﬁhis fashion 1s.called "eompound
Interest",

Suppose we look at this another way. To{get the amount at
the end of the first year inélgding interestjﬁe have

160 + 0.03 x 100 = 100(1 + 0,03) = 100(1.03).

Thus, at three percent interest, we can {ind the amount at the
end of a year oy multipl&ing the amount at the beginning of that
vear by 1.02, Hence in order to get the amount at the end of the

. éecond year ve multiply the 100(1,03), which we have at the bvegin-

“‘ ning of the second year, by 1.C3 to get

100{1.03) x (1.03).




b=t 9%

A shorter way of writing this would be 100(1.03)2. If you .
multiply tinis out you will get 100,09 as before,
lNotice that we could also have used thils system for computing
the population of the elty in the previous example after an increase
of 1% , that is,
| 1000 x 1.04 = 10LO,
and the population at the end of the two years would be

1000 x 1.04 % 1.05,

Exercises 3-5

1. Zxpress the folleving decimals as percents:
0.12, 0.03, 1.53, 0.002
2. ©IXpress the following_percents as decimals:
15%, 165%, 15. 2% 0.2%
3. A city of 1,000,000 populationAgains 50,000 in a year. Vhat
is 1ts percent of increase?
', If a bank pays 1% interest and you put $1G80 in at the begin-
ning of' the year, how much can you draw out at the end?
5. A vacuum cleaner salesman pets a commisslion of 7% . That
ls, e zets 7% of tne price of each vacuum cléaner which
ne sells. Eow much would his commission be on a cleaner which
he séld for §75°7
6. A real éé;gte salesman gets a commission af'S%k on every
house whicﬁ“pe sells, Vhat wouldwhg the amount of the sales-

man's commission on a house which he sells for $25,000?

4
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If'you put $1000 1in a saV1ﬁgs account and lef't 1t tnere three

years and if' the bank pays 3% interest per year, wnat amount

~could you draw out at the end of that time?

Suppose a bank pays L%ﬂk interest every six months on a sév-
ings account, 1s this vetver or worse than paying 3% every
year? Show why your answer 1is correct,
Suppose in the case of the tbwn of 1000 populatioﬁ mentioned
avove, ghe population increased by 5% the first year and
4%, the second. Do you thin¢ the population at the end of
two years would be more, less, or the same as the 1042 which
we obtrained above? What ére the peasons for your answer?
?hen work it out and see if you are right,.
In a certain state, the incomb tax is 1% on the first $1000
of net income, 2% on the second $1000, 3% on the third$1000,
and so on up to 10% . That is, if the net income were $2,357
a man would pay:

1% of first  $1000 or $10

2%, of second $1000 or $20

3% of remaining$357 or $10.71

His total tax would be:  $40,71

How much income tax would a man pay on a net incamé éf $47357
Real estate taxes are usually stated in "mills" that is, in
thousandths. For instaiice, a tax rate of k2 mills would be
0.042 or 4,2%. ;f the tax rate is 42 mills, how much tax
would a man pay on a $15,000 house?

I\/(g
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12. A cify government estimates that the total value of the

13.

14,
15,

16.

lrf L

taxable property within the city limits is about $120,000,000.
They wish to set the taxes so that their incéme from that
source will be about $2,760,000."What sﬁaﬁld the tax rate

in mills be? ({See Problem 11.)

, The "average" of a team in a league is the decimal (to

. three places) which represents the ratio of %ts games won

to its gemes played. That isy; if a team played 11 games and
won 3, its "average" would be f% which, to three décimal
places, is 0.273. What would its overall average be if it
élayed five more games, three of which 1t woén?

A team wins 15 gameS and loses 25, what is its average?

A team plays 60 games in a season. Its average after
playing 25 games is ,400., If it won the remaining 35 games,
what was 1ts average for tHe season? | ’
Suppose the rival team to that in Problem 15 had an average
of .800 after playing 25 games, If its average for the
remaining 35 games ﬁas . 400, what would be its average for
the entire 50 games?

There are four teams A, B, C, D in a league, The games of

the season are represehted by the following table:

A B c D
A 0 3 4 1
B 12 0 T 8
c 16 13 0 11
D 9 0

19 12

'!,"" . ~

i, e
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* where thé table means that A won 3 games with B, & with
C and 1 with D; while B won 12 games with A, 7 with C and
8 with D; etc. What 1s the average of each team?
#18. A baseball league has ten teams and each team plays the same
number of games during the season with every §£her team,:
Vhat would be the approximate sum of the averages of the ten
teams at the end of the season? |
19.« Call the “wholesale'price“ of an article the amount the
store pays for it and the "retail price" the price the store
sells it for. If the store sets the retall price 5% above
the wholesale price, what will-bé ﬁhe retail price of an
article whose wholesale price $75? If the store éives
the clerk at the counter a commission of 2% of the retail
price, wnat is his commission on the same article? What
will ﬁe the profit which the store makes after paying the .
commission? What percentage will this be of éhe‘wholesalé~
price? ‘ | : '

20, Dick knew he'could buy é motor scooter for $200 and wanted

. to éell nis Jjalopy for enough to give him this amount., Not

being able to sell it himself he'appra;ched a salesman e

who said e would charée é ioﬁkccmmissipn. So Dick figured‘

that IOﬂkpf $2Q0 is 526 and therefore told the salesman to
sell it for $200. Did this ac&cmplish what he wanted?

21, An owner wished to get $24,000 for his house after the 5%
‘sommission of the real estate salesman had been paid. Hé
found that 5% of $21,000 is $1,200. So he set the price af
$25,200. Did this accomplisn what he wanted?

ERIC L o T

Samet
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3-6. Disceﬁnt

Suppose we look first at the fesults of Problem 20, Section
3-5. We see that 10% of $220 is $22 and by the time the commis-
sion is paid, Dick would be $2 short of the $200 he needed for
tne scooter. FHe should have diiected the salesman to sell it
fur just a little more, for instance, $225, Then the commission
would have been $22.50 and the net amount he would have received
would have been §202,.50. But of course he neéd not have sold 1t
for quite that much; so Qg could have ftried a smaller amount} and
so on, But he could have found én exacé figurgg He could have
let P stand for the pﬁice he was to set and then the price he
would get after the commission would be: |

. P-0,10Xx P=.0,9%xP,
Thus he wants to set P so0 that
0.9 x P = 200,
that is,
P = 225 = seze.z2, |
For this price the commission is $22.22 and he would have exactly
$20C left after paying the commission,

e have shown that Dick should have set a price of §222.,22
for his car. Now if a friend had come along and wanted to buy,
‘Dick couldnhave told him he would take 10%off the price singe
he would save the fee of the salesman, In other words he would
offer his friend a "10% discount™, which is another way of saying
that he would sell it to him for 10% less‘than the price posted,

Goods at a store are often sold at a discount.



104 ' | ‘.. ' 3-6
Similarly, if one were to seek a loan of 51000 from & bank
which charped interest at 6%, the bank official might say,
Wehe interest on $1000 is $60, So I will subtract this from the
$1000 and -ive you $9¥0. Then at the end of the year, you’ pay
us back $1000." ‘If it were done this way, the bank would ve
' lendings money at a "discount rate of &/'--not an interest rate of -
6% | |
. Notice that $60, being 6°/§!f‘ $1000, is more than &6%of
$9h0: Iq fact, $00 1s almost 5.0% of §9u0, The discount rate

of (% is approximately the same as an interest rate of 6.10% ,

nxercises 3-0

1. A $4000 car is sold at a discount of 7%. For what price
was it sold? |

>, A town having 1000 population decreased 5% during a year,
vhat was 1ts population at the end of the year?

3, In Problem 21 of Section 3-5, what should nave peen the o
price which the owner set on his hoﬁge? '

4, A bank makes a loan at a discount rate of 5% . ihat would'
be the eéuivalent rate of interest? (Hint: Try this first
for a loan of $100, second for $1000. Then try to draw a
zeneral conclusion,) |

5, A town decreased in population by 5% one year and increased
by 5% the next year. Would 1ts population at the end of

the two years be less, than, more than, or the same as that

at the veginning? Explain your answer,

lio
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6. A store is going out of business and the first week all goods
are sold at a discount of 25% (that . is, mgrkeé'down 25%) .
The second week they aré sold at a discount of 10%on the price

for the first week, Is the total discount in the end 35% 7

Give reasons for your answver,

oty
e d
aim
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‘CONGRUENCE AND THE.

PYTHAGOREAN PROPERTY

4.1, Basic Constructions

.
“

The ruier and compass are the tocls'used‘in the construction
of geometric figures. The ruler is used as a straight edge to
draw a representation of a straight line. The compass is used to
draw a representation of a circlé, or paft of a circle called an
arc. In geomé;ry we erten-cémpare two figures by comparing their

shapes and ccmparing'their sizes, When two figures have the same

shape and the same size, we may say that they are congruent to

one another. As a very simple case, consider two line segments..

Appearance tells us that any twé‘segments have the same shape:fv

being parts of lines, they are both straight; and heing'éegments,-

both of them include their endpoints. Now the size of a segment’
1s its length. To say that two §egments have the same size meéns
that fhey have the same length. Thus we now have a new way to
..fefer to two segmenés with the same length; we may say they are

congruent segments.

A | . F
' \\\\\\§\\ - C ' D . ‘xaxf‘ff/‘ R
B £ |

In terms of a unit of length, AB and EF, as shown, have equal
measure. We may say that AB is congruent to EF and we write AB 3
EF. On the other hand, D 18.not congruent to EF, since CD is

L

w1y

v
A
.
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longer than EF. You will recall tha@.we‘have learned another
way to wyfte in symbols that AB and EF have the same length; we
write thet their measures are equalz AB = EF. .

The terms "right angle™ and "perpendicular! lines should be
ramiliar;to‘you. You will recall thap a riéhtﬂangle'is an angle
whose measure in degrees is 60. The two lines thatlform the
right angle are perpendlcular lines, A line segment 1s bisected

at a point if the point separates it into two segments with equal

measure.
A P B — — o ——

| — —t— +—— Point P Dbisects AB if AP = PB.
Suppose that segment AB is bisected o ‘
at poilnt P by a line that is r 1

. _ — ' A P 8
perpendicular to AB, such as e -
line £. ILine £ is said to be the l£

perpendicular bisector of AB. o

- e ——— ——— s e g G————

Definition. The pe}pendicular bisector of a line segment 1s

a line that passes through the midpoint of the segment and forms
right angles with the segment.

| ILet us see how to use the compass and ruler to construct the
representation of the perpendieular bisector of segment Eﬁ.. In
o:def to éensﬁruct such a line, 1t 1s necessary to locate two
‘peints on it. Since a 11ne has no breadth or thickness, it cannot
be seen. In our construction work we will always be drawing

representations of lines and circles.

Set the compass so that the distance bétween the two points

of the compass is more than half 'of €D, Place the sharp point of

I 4

1,5 o -
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the compass on C .and make an
>*ﬂ§ .. ~arc above.CD and another arc
below CD. Keep the set of the
compass the same, place the

:L~44,*. " point on D and make two arcs

0O+
CH

that intersect those drawn from
C. Llabel the points of inter-
;Tﬁr.' - section of the arcs E |and F.

With a ruler draw line ‘ﬁ .
© _ through E and F. Line m 1is
Figure 4.-la’ ~ the perpendicular bisector of
| €D. ~ If the construction is

accurate, / COE, / EOD, / COF, / FOD should all measure 90 degrees

on your protractor.. Also, segment 55léquals segment OD. Could
yéu check this with your compass? Try 1it.

Sometimes it is necessary to construct a line that is per-
pendicplar to a given line and a1§§ pass2s through a given point.
);f T If we wish to construct a

. perpendicular to 1ine £ fhrnqgh

point P, we need to find one

-— P HL, more point on the second line‘.
¢ | With P as center and a con-
Figure 4.1b ‘ venient radlus, draw.fwo arcs

that intersect line 2 n points

"\

¢ and H.' Theﬁ with G as a center and a radius longef than

&P, draw an'arc above (or below) line .£. With the same 1us

with H as a center, draw an arc that intersects the arc drawn

E . 4
 Bedf
RSt

A

&

L
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from G ‘at 'J. With a ruler draw a line through J and P.

This

liﬁe 1s:perpend1cular to 1ine 4 at point " P.

i . . In case the given point P 1is
P not on the given line gl,,tbe.
ccqstruction is basically the

M. Aﬁ__ same as whenx P 1s on the

AQHD
\

given 1line, With P as a cen-

ter and a convenient radius,

' " draw two arcs that intersect
I 1ine £ 1in points K and M.
Figure 4-lc With K and M as centers,

draw two arcs that intersect at O (use the same radius for these

two arcs). The line through P and 0 is.perpendicular to line
L. | | |
Exercises hzla
Praw line segments of approximatel& the s;;é 1engthland.in
approximately the‘same position as shown below. Construct‘
the perpendicular bisector of each segment. Do EEE erase
aﬁy‘af the arcs used in the vonstruction.
}
. ".C
-t} 4 -
A 4D
1

[
§
LA

'IA.m”}i R

J;T.; )
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*

2. Construct a perpendicular to a line at the labeled point on
the line. -Remember that & line extends indefinitely in two
directions. Place the given lines and points on your paper

in appﬁbximately the same position.

‘ -
. .
-—— 4 -
{0 R Y
'
S
T

A

(f) What do you notice about the two lines constructed at
points S and T in part (d)?
(g) What seems to be true about the two given lines and

the two perpendiculars constructed in part (e)? .

3. Construct a perpendicular to a line .£, through-a point‘n\ot

on the line. Place the given lines and points onfjaur paper

in approximately the same position.
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4. Construct a rectangle whose sides are 1" and 2" long. Draw
the 2" side as a segment on a line. Construct a perpendiculér
at each end of the éegﬁ;nt. You can decide on the remaining
steps in the construction. | u

S. Construct a square whose sides are 3 ~entimeters long.

. *6., Try to céhstruct a rectangle whose sides are 26 millimeters

and 45 millimeters long with only one construction of

‘perpendicular lines.

Constructions with angles.

We will discuss two constructions that are concerned with
- . angles of any measure. Let us review the terms that apply, to

angles. An angle is a set of points consisting of two rays with

A

A

< &n end éoint in common, and nqﬁ both on the same'straight line.
An angle has an interior and'an exterior., In the figure, the

exterior of the angle is shaded. Another name écr the rays of

,,t .‘J

o 4.}3 zg(fj“u .



51 . . 113

A

! f" . the angle is "sides" of the

angle. The common end point

>~ - of the rays of an anglé is céll-

! 2# ‘ .
. 84\\ ed the vertex of the angle. The
measure of an angle is the mea- ~

sure of the interior of the

-, angle. The unit for'such measure
F}gureth_ld is the protractor. An anglg may
be named by 3 letters, one at |
the vertex (middle letter), and one at a point on each ray. The
symbol / stands for the word "angle". In the figure the angle
may be named / ABC or / CBA . If no confusion results, we may
name an angle by the vertex letter as / B,

Since an ahgle is a geometric figure, we may speak of one
éngle being congruent to another. What do you think this would :
mean? The general notion of congruence tells us that congruent
angles have the same size and same shape. Now the size of an
angle is indicated by its meaéure. Hence, to say that two angles
have thc same sice means that thelr measures (in degrees) are the
same. Appearance tells us that any two angles with equal measures
are shaped alike. Thus we now have a new way to refer to two

angles with equal measure: we may say that they are congruent

angles.
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The interiors of angles B and ¥, as shown, have equal measure.

We may say / B is congruent to / F, and we may write /B= /P

Recall that another way of expressing this relationship is:

m(/ B) = m(/ F). In any given situation, our choice of expression
" will depend upon whether we'wish’to emphasizé the angles as being
‘{ ébngruent figures or the measures as being equal nﬁmbers. Which

paifs of angles shown abgye are not congruent?

To bisect an.gngle is to coﬂ-

‘struct another ray through the

vertex, interlior to the angle, .

so that the two angles formed

by this ray and the sides of

the original angle are congru-
Figure 4-1e | ent.

To bisect / DEF, draw an arc with E as a center that inter-
sects ED in point G, and EF in point H. With the compass set
at one distance, draw two arcs from points F and H that inter-
sect at point J. A line through E and J bisects / DEF. Use
your protractor to meésure*é DEF, / DEJ, and / JEH.’

An angle whose measure in degrees 1s less than 90 is called
an acute angle. An angle whose measure 1in degrees is more than

90lis‘called an obtuse angle. We have constructed gght angles

Figure 4-1f

E ¢1 98
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with perpendicular lines.* The figures show an obtuse angle thet
has been bisected, and a right angle that has been bisected. h
Measure all the angles with your protractor.

Suppose we wish to construct an angie'congruen£ to a2 glven

angle.

4

Figure u4.1g

Given / N and PQ. We wish to construct anot.er ray from
point P .so that it will méke‘ap angle with PQ that is congruent
to / N. With a convenient radius draw an arc with N as a
center that intersects the sldes of Z;N in points X and W.
With the same radius draw an arc with P as a center that inter-

DT R _
sects PQ in point +¥. Change the set of the compass to the dis-

tance WX, With the compass set at this distance, make an arc with
v as a center ghat intersects tﬁe arc drawn from P at point

Z. A ray drawn from P  through Z completes tﬁe angle. |
ﬁeasure / WNX and / ZPY with your protractor. Are the measures

equal?

T
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.
v o (q) Starting with a rg4 drawn in any convenient position,

construct an @ngl ongruent to the angle in the

" ﬁ‘}ig’i ' figunp (2). You must set your compass carefully to the
' 5}$ - exacfiSiftance used in the figure.
A (b) Repgat with figure ().
X 3\(c) Repegt %{ghw}iguré (¢).
(4) witﬂiydurjpfotractor measure / A and also the angl- that
:} | ‘;\ 5you constructed. /
; } (b) gﬁgﬁ{t the two measurements With‘é*B-énd the angle that
‘ g} onstructed. ' .

“{; ¥ (P) Draw an obtuse angle and bisect it.
.

-~ (c) Construct a right angle and bisect it.

R\Z\Egiqg your protractor, find the measure in degrees of the g
angles drawn and constructed in problem 3

Using the symbols =, », {, make a definite statement about

(p\(a)

asure of: | s

h angle formed by bisecting a right angle,

1o
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(b) Each angle formed by bisecting an acute angle.
(c) Rach angle formed by biseecting an obtuse angle.

™ 4_.2. Congruent Triangles

When leaves afe'drifting to the ground in the fall, have you -
ever tried to find two }eaves ffom the same tree which have exact- ’
ly tle same size'an§ shape? while we can tell whether a leaf is
from an oak tree or a maple tree or some other kind of a tree, .
it is unusual to find two oak leaves which seem to be'exactly the‘
same size aﬁd shape if we place one on top of the other to compare
them. You may alsc have wondered why, among the faces_of all the
people you know, or even among all the people in a great city,
you seldom find two which are very much alike.

The wheat fields of two farmers may be “exactly" :ﬁg same
shape and size, although they usually are not. A manufactucer of.
large bolts of a certain kind employs methods of "quaiity control”
to try to make sure trat the bolts he makes will be nearly alilke
as. possible, Mathematics 1is used to determine whether objects
that appear to be alike actually are, and to determine the
amcunts and imporcance of difference in the objects.

In orcer to study the characteristics of dbjects that are
exactly alike, we begin, as scientists usually do, with a vecry
simple situation. It turns out that the case of two triangles
is the key to the general problem of deterﬁining,when two‘obJects
have exactly the same size gnd shape. Rememher,‘a polygon 1is a

. %
closed curve composed of line segments; and a triangle 1s a D0ly-

gon with three sides,
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- are called congruent 4riangles. The symbol =

4..2

B D

-

The triangles ABC and DE? appear to have the same size.and
shape., 1If triangle DEF were tracedfon paper and the paper cut -
along the sides of ﬁhe triangle, the paper model would represent
a triangle and 1ts interior. The paper model could be placed on
triéngle ABC so that the two triangles wouid exactly "fit", If
polnt D were placed on point A with'5§ along EE; point F
could fall on point C, and point  E could fall on poiﬁt B. 1In
these two triangles there would be the following pairs of coﬁgrun

ent segments' and congruent angles.

AB ¥ DE / ABC £ / DEF
CB = EF ./ BCA Z / EFD
CA T FD / CAB X / FDE

Use your ruler and protractor to check these measures. No-
tice that we have.taiked about the three sides of a friangle and |
the thrge angles formed by the three sides. Two triangles such
as triangle ABC and triangle DEF that have the same size and shape

N

stands for the word

,
"econgruent",
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Exercises h—ea | . - - ‘;
M M K o~ :
J K
o -
J Kk =~ M —
)
J } - M } el K } i
Figure 4-2a

In Figure 4.-2a the segments on the right are the same length
as the corresponding sides of triangle JKm; and the angles below

are congruent to the corresponding angles of triangle JKM.

i. With your compass and ruler construct a triangle as follows.
(a) Set compass for the length JK, and mark along a line.
Use segment JK for one side of the triangie: Construct |
~ / M at one end of JK; construct segment JN as the second
side of / M. Draw the third side of the triangle through
the‘end points marked on the two sides of / M.
(b) Is your triangle the same size and shape as triangle JKM? .

If not, how 1s it different? Use compass and ruler to

. answer,

£

2. Construct a triangle as follows:

(a) Use segment JK for one side. Construct / M at point J

ERIC . | T26
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with JK for one si&e of the angle; conStruetlélJ at
- point X with KJ for the one side of the angle. Ex-
 tend the sides df the two‘constrﬂcted angles until
they. intersect,
(b) Is your triangle the same size and shape as triangle
JKM? If not, how is it different?

Construct a t%iangle as follows:

(a) Use segment JK for one side, with Z:j constructed at

point J and / X constructed at point K with JK a

side of each angle.-

(b} 1Is your triangle tne same slze and shape as triangle JKM? '

Use compass"and ruler to cheé’T{:
Construct a triangle as follows:
(a) Use JK for one side; construct / J at point J; JM
' marked along the second siue of the angle; draw side
MK through_the po;nts M and X. ’
(b) .Is your triangle the same size and shap~ as triangle
JKM? Use compass and ruler to cheak.
Construct a triangle és followgz
(a)  Use 3K as one side; set compass for the length JM and
with J as a center make an arc above JK; set compass
for the length gf'ﬁf'and with K as a center make an
.arc that intersects the firstlarc; 'Cdnnect J with the
interscction of the arcs by a straight line; connect K
with the intersection of thé arcs,
(b) Is your b%iangié(the same size and shape as triangle JKM?

Ta

Use compass and rulér to check,

127
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In exercise 4~2& three constructions resulted in a triangle
congruent to the given triangle JKM. In one figure the congruent
triangle was constructed by using side JM, / J, énd side JK. What
do you notice about the position of the angle in’relation to the '
two sides? This arrangement of two sides and an angle is called
ﬁtno sides and the included angle®. Another such group would be
side .'JT{',‘ / K, and side KM. Is there another such group? -

Property 1 Two triangles are congruent if two sides and

the included angle of one triangle are congruent respectively to
-respect
. two sides and the included angle of the other triangle.

In another figure the oongruent triangle was constructed by
using / J, side JK, apd / K. ' What do you notice about the position
of the side in relation to the two angles? Thils arrangement of
two angles and a side of.a triangle is called "two angles and the
included side". Another such group would be / K, side KM, and

/ M. Is there another such group?

Property»g. Two‘triangles are congruent if two angles and
the includeé side of one triangle are congruent respectively to
two angles and the included side of the other triangle.

In a third figure the oongruent triangle was construoted by
using side JM, side E?i’and side KM.

Property 3. Two triangles are congruent if the three sides

of one f{riangle are congruent respectivély to the three sides of
the other triangle.
In three figures of a trisngle congruent to triangle JKM

each angle was congruent fo the corresponding angle in the given

triangle, and eech side was congruent to the corresponding side

’ ‘:_A" !S‘ |
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of the given triangle. | . . L o .§§

Froperty h. If twe triangles are eongruent then each pair

TEN

of corresponding angles is congruent and- each pair of correspond-
ing sides is congruent | |

In the construction of é perpendicular to a line through a
gilven point in the line, we used two of the'propert}es apcut
. congfuent triangles. | In'the first construction we

—

show two arcs interéécting at
-point‘ J. if we draw the seg-

) ments GJ and JH, then there
are two triangles, GPJ and PHJ
formed. By construction GP ¥

PH, GH 2 JH. The perpendicular

| to 1ine £ has the segment JP
on it. JP is a side of each triangle, and so 1s called a common
side Sometimes we say JP & JP to indicate a common side. By
applying Property 3, we know that triangle GPJ ¥ triangle PHJ,
since we have three sides of one triangle congruent to three sides . '
of the other triangle. Angle JPG (opposite GJ) in triangle GPJ
vcorrespoéds to angle JPH (opposite JH) in triangle PHJ. By apply-

§
.
'3
e il .
4

ing Property U4, we know that L_JPG is congruent to Z:JPH. The
two rays,PG and PH represent an angle measure of 180 degrees.
Hence, ansles JPG and JPH each measure 90 degrees and are right

angles,

# ’ ' o l «.d
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1. In the figure the construction of the bisector of / ABC 1is

[

Exercise '#-eb

shown. Two segments, AD and DC are drawn.

(a)

(©)

()
(a)

~

What parts of triangle ABD are congruent to corresponding
pé.rt.s of triangle BCD by construction?

Is there another part of triangle ABD that must be con-
gruent to a part of tfiangle BCD? k{hy?

Is triangle ABD congruent to triangle BCD? Why?

Is / ABD congruent to / DBC? 'Why? .

In the figure the construction of / HJK congruent to / EFG 1is

£l

shown. Segments EG and HK are drawn.

(a)

(b)
(e)

what parts of triax?g'le EFG are congmént to corresponding
parts of triangle HJK by construction?

Is triangle EFG congruent to triangle HJK? Why ?

Is / J congruent to / F? Why?

139 ‘ " _ ,
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‘3. Use éour protractor t§‘find w o | o
. the measure in deérees of thel ) 0
" . 3 angles in each triangle.

(é) Are there some pairs of . F
‘congruent anglés. If |
so, 1list them. _

(b) Could we say that the
triénsles are congruent? g \C

- Why? f ‘
-

(¢) Suppose that trigngle DEF were constructed with the same
size angles, but with EF the same length as BC. What
would be true about the two triangles? Why? |

4, Mr. Thompson wishes to measure the distance betﬁeen two posts .

on edges of his property. A grove of trees between the two
posts ix and Y) make it impossible to measure the distance
XY directly. Mr. Thompson locates point 2 such that he can
lay out a line from:- X to 2 |
and continue it as far as X
needed. Polnt Z 1is also
‘in a position such that Mr.
Thompson can lay out a line
YZ and continue it as far as
needed. Mr. Thompson knows
that L 1= A 2 since they are
vertical angles. He extends

Z¥ so that QZ > Y2.

ro -
{ = |

Y-S
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5.

- {a) How does he iegate point R?

(b} what property does Mr. Thompson apply in loeating points

Q and R? ‘ h :
(¢) How does Mr, Thompson determine the length or&iﬁﬁ Why?' :
cOrresponding eidee of congruent triangles are sides that are

opposite pairs of congruent angles.

C<r B°

T U X Y

In the -congruent triangles, QRS and TUV, the pairs of congru-
ent angles are marked. That is, /Q X /T, /RY /U, /§%

L V.

(a) Make a statement of congruence about each pair of corres-
ponding sides. ' T
(b) Congruent triangles XYZ and ABC have the pairs of
congruent angles marked. Make a statement of congruence
about each pair of eorrespending sidee

(¢} Repeat (b) with the figure in problem 4.

~ Corresponding angles or.eonéruent triangles are angles that are~

oppositq, congruent sides.
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(a)

(b)

E

In the congruent triangles, ABC and DEF, the pairs, of

~ congruent sides are marked. That is, CA ¥ DE, AB X EF,

BC = DF. Make a statement of congruence about each pair
.

of corresponding angles.

Make a statement of congruence about each pair of

corresponding angles in triangles XYZ and Z2QR in problem
N,
. The construction of the perpen-
dicular bisector of segment CD
,ié‘shown. Usually the same |
length radius is used for the
four arcs.: However,-it is only

necessary for the two arcs that

intersect on one side of the

segment to have the equal radii.
Thus,; the arcs drawn from C and
D that 1nterseét‘at E have

équal-radii, and the two arcs

~

_' 133
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By applylng same of the properties about congruent triangles,
show why EF bisects CD and is perpendicular to oy, Hint.
First think about the large ‘triangles CFE and EDF, then about
another péir of triangles that seem to be congruent. )
«8, (a) How many pairs of congruent triangles are there in the
& figure for problem 7?‘ List them by pairs.
(b) Show by'apprapriate marks the corresponding sides of
congruent triangles,
{¢) List the pa;rs of corresponding angles of congruent

triangles that are congruent.

4.3, Concurrent Lines

An interesting study of triangles deals with concurrent lines.

Three or more lines on a point are said to be concurrent lines.

The figure shows three concurrent lines on the point K.

SeQeral sets of concurrent lines are assoclated with tri-
anglés. Using your Straightedge ang compass, carefully construct
a triangleeand the perpendicular bisectérs of its sides. Do the’
perpendicular bisectors seem to meet in a point? If you did your |
work carefully, you found that the three pérpendiéular bisectoré
met in a point. Does this prove that the perpendicular bisectors

of every triangle meet in a point? You have already found in your

34

drawn from C and 0 that intersect at F. have equal radii.
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‘st§d§ of mathemati;s that one special case does not prove a pro-
blem in general, It 1s trﬁe, however, that the 3 perpendicular
bisectors do meet in a point in every triangle. If you continue
youf study of mathematics }ou will one day prove this theorem.
The figure you have just constructed should be similar to the

figure below.

A /,5 <C C
Figure 4-3

Do you notice any relationship between a circle with center
at 0 and the vertlces of the triangle? Use your compass and
construct a circle with center at 0 and a radius OA. What seems

.
to be true?

Exercigses 4.3

1. 'Draw_thé following:
(a) 3 concurrent lines
ﬁ'(h) 4 concurrent lines
-{e) 5(concurrent lines
2. Draw thrge concurren; rays such that the endpoint.qf the rays
is the only element in the intersection set of the three rays.

3. How many angles are formed by the rays in exerclise 2?

-~
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.';E,l, o .

.. wWhich of tqiﬁﬁGIIQwing appear to be concurrent lines or rays? -

In each figure consider all lines shown, -

/

/

— ' \\\\\

5. Using your straightedge and compass, bisect the sides of a
triangle. Now construct each line which connects a vertex of
a triangle with the mid-point .of the opposite side. Do these
lines seem to meet 1in a péint? These lines are_called the‘
"medians" of a triangle. |

6. Using your straightedge ané compass, construct the line from
each vertex of a given triangle which is perpendicular to the
cpposite side. Do these lines ééem to meet in a point? These
lines are called the "altitudes" of the triangie.

7. Using your straightedée and compass, construct the bisector
of each angle of a given triangle. Do these lines seem to

meet in a point?

4

| Note: In wcrking problems 5, 6 and T you have diacov red three

more impcrtagﬁ sets on concurrent lines. Of course, y r special

&
cases do not prove that the three sets are in. general cdncurrent.

Proofs -are possible; howéver, we will not consider them.

"y ’36 ! ..-/"""
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L.4, Quadrilaterals

We have been calling a polygon with 3 vertices Joined by 3
line segmeénts a triangle. Do you know what the prefix "tri" means?
Think of words like "triangle", "trio", "triple", and the like.
Poes this suggest thé meaning of the word triangle? 1In a similar

sense we call a pplygon with 4 sides a quadrilateral. ‘If R, S,

T, and V are 4 distinct points, no three of which are on one line,

then the polygon (See Figure 4-4a) formed by the segments RS, §F,
TV, and VR is a guadrilateral, and is referred to as the quad-
riléferal RSTV. The 4 segments are its isdes, and the points R,
S; T, and V are called its vertices. The angies RST, STV, TVR,-

. . and VRS (also called "angles S, T, V and R") are the angles of

the quadrilateral. T

Figure 4-4a

' : .
Since we have Just made a study of triangles, we are now

ready to consider polygons of 4 sides, or the quadrilateral.
Certain special kinds of quadrilaterals are not only interesting,

but very important.

»
e
-2
i
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. . *

Befere~considering scome speclal cases, let us censider ‘ ‘N‘,

LY

Figure 4-4a again. The line segmentsajoining oppbsite vertices
are called the diagonals of the quadrilateral. '§V and RT are the
two dilagonals. You remember that the sum of the measures of the
angles of a triangle 1s 180°. What do you think would be the sum
of the measure of the angles of a quadr;lateral? Lbok.at Figuré
4-4a again. Into what kind of éolygons does SV aféide the quad-
rilateral? Can you now tell the sum oféthe measures of the angles

R, S, T, and V? The unit of measure for angles that we shall use

is the degree,

Parallel Lines

You have already studied parallel lines. Before considering
the parallelogram, let us study parallel lines fof a few minutes
by way of review and also add some new ideas.

The opposite sides of your straightedge may be considered to
be parallel. Use it to draw two parallel line segments MN and RS,
similar to those shown in Figure 4-U4p, Now draw any line tD inter-

secting MN at A and RS at B. Using your protractor find the
C

>

R- /B S

/
o .o Figure 4-4p
. _ & B
o :. . e "?8

s
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‘?/m (/ NAB) and the m (/ SBA). . If the opposite sideg of® your B

straightedge are really parallgiwand you did your work carefully,
you should find thezsum of these two measures to be 180. TD is
called a transversal. When a transversal cuts two parallel lines
_the angles formed, having the position of / NAB and ‘/ Sﬁﬁ, have a
tofgpl measure of 180. The converse is also true. Thht.is, if
any two linés are cut by a.transversal, and fﬁe sum of the mea-~ N
sures of the anglei/ig the positions corresponding to ZLNAB and
/ SBA is 180, then the lines are parallel. °
Let us consider Figure 4-4b again., This time measure}L‘MAB
and / RBA. Are these angles congruent? They are if MN and RS
are parallel and you did your work cafefully. It is also true
that if two lines are cut by a transversal-and the angles in posi-
tions corresvonding to / MAB and / RBA are congruent, then the
lines are paralliel. Are there_other pairs of angles which are
congruent or the sum of whcse measures is 1807 See 1if you éan

find scme. ‘

Parallelogram ‘ .

A parallelogram is defined as a quadrilateral having its
dpposite sides parallel. Ié is also true that if the opposite
sides of a quadrilateral are congruent, then the quadrilateral is

'a parallelogram. | |
ﬁsing your ruler and prot-actor make the following drawing.
Select any point oﬁ your paper an& call 1t A. Now draw.an angle
at A having the measure of 60. Next, mark off on one ray AB

2 inches long, and on the other ray AD 3 inches long. Make an

angle at B, with AB as one side, having a measure of 120. Locate

v 137
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a point C on the other side of this angle so that BG is 3 inches -
long. Draw CD. What is the measuré of GD? What are the measures
of the angles at C and D? Your figure should be similar to

Figure t.l4e, o A

z

FTigure 4. 4c

Consider AB as a transversal cutting AD and BC. 1In view of the
sum of the measures of angle / DAB and / ABC, what is the r_lation-
ship of AD and BC? What can you say with reéard to the relation-
ship of AB and CD? Are they parallel? What kind of quadrilateral
is your polygon?

Now draw diagonals BD and Kﬁ'intersecting at Q. Measure OB
and OD. Do they seem to be equal? What about the measures of OA
and 0C? Would it seem, then, th&t the diagonals of a parallel-
ogram bisect each other? It is true that theﬁ do. Let us write
the. proof. Hor course, we shall have to use parsallel line facts

which were not proved to be true. You were told, however, that

they were true and they seem to be true by measurement. Always

keep in mind that measurements are only approximate.

140



% CoRBider the. triangles ACD and BOg of Figure k.be, Now AC is

-

4-&

-

'a transversal cutting parallels AD and BC. In view of your work

'\ b . .
, with parallel lines m (/ OAD) = m (/ OCB). In a similar way you
'lshoula see that m (/ ODA). = m (/ OBC). nce AD and BC are oppo-

o .

sife sldes of a parallelogram they are grﬁentf We now have the
following infbrmagion: |
| . [ OADX/OCB
"/ ODA ¥ / OBC
' AD 2 EC.
You can now see that we have two triangles, AOD and BOC, which
have two corrésponding angles gnd the'ipclﬁded.sides congruent.
By Property 2, these triangles are congruent. Since they are

congruent, then their corresponding sides are congruent. That is:

—— -

OA > oC
and | l - 0B~ OD.
We have thus shown that the diagonals bisect each other. You

will do more work of thls kind when you get to 10th Grade Geo-
metry. This method of proof }s called the deductive method.

Rectangles and Squares

There are 2 types of polygons of 4 sides which are special
cases of a parallelogram, These 2 types of polygons are not only

1ntéresting, but useful.

1. Rectangle. A rectangle is a barallelogram in which each

. .., angle measures @0. Uéing your tools of geometry. carefully. con-
struct a parallelogram having two opposite sides each 4 inches
long, two opposites sides. each 6 inches long, and all angles

measure 90. Note that the rectangle has all of the pgoperties

ly;
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which'applj to the parallelogram.

2. Square. Repeat the above construction, but this time let
all the sides be 4§ inches in length. Again you have a speciaﬁ |
kind'of parallelogramihaving all sideS‘congruént and all angles

measure 90. The square will be 1mpoftantcinethé next section.”

Exercises 4.4

&

1. VWhich of the following figures are duadrilaterals?'

N

A.L_‘-‘

b,

2. Which of the rigurés in exeéqise 1 appear to be parallelograms?

3. Given a line ;egmentrﬁﬁl' Now, using your straightedée and
campass; do the folloﬁiné: cghstruct-tﬁe perpenéiéuiar |
blsecﬁor_of MN. Select any point R on the perpendicular

f Eisecﬁor, whicH is not on MN, and'conétruct a perpendicular
to 1t at point R. Let tﬁié perpendicular be ﬁf. Are the
segments MN and RT parallel? Why? o

3%
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&, Using yaur Stéaightedge,and protractor, draw a“parallelogra&-'
" having all sides & inches long and its angles_equal in
measure to 80 and 100. Is this a square? .Why?
5. .Given a line segment XY, 4_1nc5§§flong. Using your straight-
edge and compass, construct a square with XY as one of 1ts | )
:sides. KEep in mind that the 1ntersect1ng angles of perpen- |
dicular lines measure 90. ' . | - . ’
. Gfuen a line segment iﬁ Using your: straightedge and compass,
make the following construction. At point B ~construct ‘the’
perpendicular to AB. Frem any point C. on this perpendicu- -
lar draW'Kél Vhat polygon do you have? Now construct a |
square on each sides of the triangle. :Ybu will have three
squares, such that AB 1s a side of one square, BC is a side
of a seccnd square, and AC is a side of the third square.
7. Can a square be classified as a rectangle? ‘Explain your
answer, ; . .
8. Can a ;ectangle be classified as a square? Explain your
SR answer. ﬁ '
Q. Do the diggbnals of a square bisect each other. Explain
your answer.

10. Return to your figure ef exercise 5, Draw the diagonals.

What relationship do you think exists among the intersecting

3;:5‘- :

angles of the diasonals? Maybe your protractor will aid you
~ in answering the question. Keep in mind that a general state-
ment cannot be made, based upon measurements. By use of con-

~

gruent triangles you could prove your answer. Give it a try.

o142




4-5. Right Trianglé S

[ _J

Sometimes it is conventent to name triangles according to .

measures of the angles. Consider the following three sets.of

trianples:
(a) - -
~ \
. C
‘ !
. a
m(/a) 1s°90 m {/ b) 1s 90 » (/ c) is 40
(v) : | Ch
X
- m (/ x) 1s 120 ‘ - om (/ y) is 110
(c) ' |

!

The triangles in set (a) each contain an angle with measure of

900. Triangles héving this propefty are chlled right triangles.

The triangles in set (b) each contain an obtuse angle (an angle -
| with measure greater than 90). Triangles having this property

are called obtuse griangles. Triangles in’'set (c¢) contain only

acute angles (anglés with measure less thanxgo). Triangles having

o o 4y o
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' this property are called acute triangles.

You are now almost ready to study a very 1mp5rtant and useful
\ .

' . property of right triangles. Let us study the square further
before faking up this property. Ccnsidér the following figure:

B 4 T 3 C
3| AT4:3 |A=33 |, T
P s
. | Az44 |A=34|
4 -16 =12 |4

| . Figure 4-5a

In this figure we have the square ABCD, with each side ha#ing a

measure of 7 units, Yag remember; of course, that the area of a

équare is equal in measure to the square of one side: that 18;

A= 32, where A stands for area and s represents the length
" of one side. %he area of ABCD is then: A = 7 * 7 = 49 square

units. Looking agailn at Fiéure 4.5a you will notice that it has

been divided into 4 parts. These parts consist of two squares

and two rectangles. You will further notice that the area for

each part'fs indicated. How does the sum of the area of the U

parts:compare with‘the area of-the square ABCD?

" Let us consider the same square divided into parts in a

e
L3
-

- different way as follows
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Again, the area of square ABCD is equal to kg square\ uni’cs in
measure. This time the ‘qu‘ are :ls divided into 4 right triangles |
and the quadrilateral PRS'I'. Vhy are the 4 triangles right tri-
angles? You remember that the area of a triahgle is equai in
measure to % of the,hproduet' of- the base and the altitude. Since
the 4 triangles are all right triangles,’ you may consider the base

L P

of each triangle to be 4 and the altitude to Ee ‘3. The area of J
each triangle is then: A = %(4 . 3) = & square units. The total
-area of the 4 triangles is 2k g;uare units. Can you say the k
triangles are congruent? lhy? ’ ' - .

. what 1s the area of the square ABCD? You, of course, get
kg sqﬁare units. Now, since the area of the square ABCD is-l9
équare units and the total area of the ,l& triangleé is 24 square
units, the area of the q;adrilateral PRST 1s 25 square units.
What special kind of quadrilateral do you think PRST might be?
Since the I triangles are d@ngm'ent, then T’ﬁ',} RS, ST, and TP ‘

are congruent by Property 4. Hence, PRST is at least a parallel-

\ogram, since'ita opposite sides are congruent. Also, since the

< +

, - 148 o .
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trunglea' congruent, Z BPR - é cas, by Pmperty Now let

'.‘.

us consider the rollowing°

1. ' You know that m (/ BRP + m (APRS) + m (é snc) is 180.
Why?

2. You also know that m (/ BPR) + m ([ PBR) + m (/ BRP) is .
180. Wwhy? '

3. Now m (; PBR) 1s 90. Why? What then must be m (/ BFR)
+ m (/ BRP)? With some thought you will realize it is
90, because 180 - 90 = 90.

4, Since / BPR ¥ / CRS, by Property 4, and m ( / BFR) s-,.

‘_, | m (/ BRP) is 90 from item 3 above, you should see that
m (/ BRP) + m ([ CRS) is 90.

5. Now since m (/ BRP) + m (/ PRS) + m (/ SRC) is 180, from
item 1, and m (L BRP) + m (é CRS) 1s 90, from ifem 4, ‘
you should see that m (/ PRS) is 90.

You can see that quadrilateral PRST is a square. Let us

summarize what we have learned. | |

1. PRST is a quadrilateral because it is a polygon of &
sides.

2. PRST 1s a parallelogram because its opposite sides are
congruent. -Furthermore, we know;ghat all of its sides
have equal measure, We know this because the ! triangles
are congruent,

3. We have shown that m (/ PRS) is 90. 1In a similar manner
we can show that / RST, / STP, und / TPR measure 90. -

Hence, we have a quadriiateral whose sides and angles are ail

equal. Thisikind of polygon, as you know, 1is & square,

lq7 . | ., -
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Since PRST s a square, the measure of whose area is 25 7
square units, what do you suppose is the measure on one side?
Since the area of a square whose side measures 5 inches 18 5 - 5
= 25 square inches, we know then, the _ldes -of PR?T each measure
.5 units. « .

" Let us now consider the right triangle PBR in Figure 4-5b,
Suppose we construct a square on each side of the triangle as

shown ih Figure 4-5¢,

(b)

(a)

Figure 4-5¢

What are the areas of these three squares? You know that the area

of square (a) is 9, of sqﬁare (b) is 16, and of square (c) is
25. What do we get when we add the areas éf square (a) and square
(b)? You see that the sum of the areas of (a) and (b) is 25,
the same area as square (c). |
_‘The side. opposite the right angle of a right triangle is

called the hypotenuse. In this special case we have seen that

. the measure of the square on the hypotenuse of a right triangle

is equal to the sum of the measures of the squares on the other

‘.
l1

4
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. two sides. In this work you have.been introduced to one of the

most important and one of the most beautiful theorems in all

mathematics. Of course, we. have not proved the theorem in g\.
general, but it is true. The theorem may be stated as follows:

In a right triangle the square on the hypotenuse is
. ‘.‘ . ‘
equal to the sum'or the squares on the other two sides.
Given the right trlangle ABC as shown in Figure 4.5d, where

m (/ ACB) 1s 90.

Figure 4.5d A

oF

Let us name BC, a; AC, b; and A8, C. . You may now statk_th

theorem in the following form:

¢ = a

*

2 GO be.
Special cases of this theorem were known by the Babylonians
and the Egyptians at least some 2000 to 3000 yearslbeferé Christ.

It remained, however, for some mathematician of the Pythagorean

Schgol to prove_ghe theorem for the general case, 5For this

reason the theorem is know as the Pythagorean Theorem in honor
of Pythagoras, after whom the school was named. (When and where

'did Pythagoras 1live?)

R s ¥
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1. It has been said that Pythagoras noéiced tyis propeprty of the

I3

right trianglé by looking at a mosaic like the one abévé.
‘Does this help you to see the property better? Suppose the
mosaic is constructed fram small squares whicb are congruent.
What can you tnen say about the small triangles fcrﬁéd by
drawipg the diagonals of the §duares? Now compare the number
of trianéleg'ih the square of the hypotenuse with the sum of

the triangles in the squares of the other two sides.

2. Using your straightedge and protractor draw the.foliowingp

triangles:
(a) Obtuse triangle w .
(p) . Acute triangle

_ (e) Right triangle |
3. Carefully reproduce Figure 4-5a and call this your Figure 1.

Also carefully reproduce Figure 4-5b and eall it your Figure
2. Use an inch as your unit. Now cut out your Figure 1 and

cut 1t into the two squares and the two rectangles as’

-

I.SQ
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indicated in the figure. Next, divide the two rectangles !in-

. " Y
to two equal ‘triangles each. Will these triangles it on too

™

of the triangles in your Figure 27 Yhat can you now say with
respect to the sum of the areas of the two squares %n your .
Figure l; ani the area of the quadrilateral PRST in your
_ Fiﬁure 2? Now fit the two squares of Figure 1 on the sldes
of triangle BPFR in an arrangemen; simifar to Figure 4-5c.
“4hat theorem have yoﬁ now demanstrated% ‘ o -
«k.. Show for the follqwing numbers that the square of the first
is the sum‘of the équares of the otgers in each set of 3:
(a) 5,4, 3 (¢) 25, 7, 2k
- (b) 13, 5, 12 (d¢) 2o, 16,‘
5. Draw or construct triangles with the sides of length (in )

_.ccntimeters) gilven in the parts (a) and (b) of exercise 2.
AUse your protractor to show that these triangles are r;ght } -
triangles. ‘ _ B
6. Draw right triangles, the lengths of whose shomter sides
(i centimeters), are: /’3
@) 1and 2 (R) & and 5 ~ (c) 2 and 3.
Measure with & ruler to the nearest one-té;;h\af a cen;imeter,
If possible, %he lengths of the nypotenu s of theseairiangles,
7. ‘Use the rikht triangle principle to fihd the squares of the
'lengths of the hypotenuses of the triangles in exapcAse 6.
8. In using unsigned ngmpers, we say that the square\root,of 25
‘ 15'5 and the square root of 16 is &, We‘would say that the
. .

square root of 5 18 a number such that 1ts square is 5. We

| Know that there is no fraction or whole number cf which this
¢ .-‘A ¢

o ‘, ) . l;I
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12,

trﬁe. The approximate values cf square roots of some of the
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'1s. true. We can, however, find a number for whlch this is

whole numbers are given 1n the table of square roots. Use
the table (Sue last page of this Unit.) of square roots to

PN

find aﬁprox&mate values of ggg~gﬁuare roots of the following:

(a) 5 (b) M (c) 13.
Compare the results in exercises 6 and 8. Explain, using
the property of right triangles, why we might expect the re-
sult of exercises 6 (a) ané 8 (a) to be agéut the same. Do _
the same for the ﬁarts'?b)‘and (c) of exercises & and 8. ‘~“-
Use the properéy of right triangles to find the lengths of
the hypotenuses of right triangles with sides gilven of the
following lengths: | .
(a) sides of length 3 units and 5 units

The squaré 6f the.length of the hypotenuse is
32 + 52

The length of the hypotenuse 1s the square root of 34%. From
the table we find that this is 5.8, correct to the nearest
one-tenth, | |
(b} 5 and 6 (¢} 3and g (d) 1 and 3.
Draw a square whose sides are of length 1 unit. What is the
length of the diagonal?’ Check by measurement. Now draw g
right triangle with the sides 1 unit long. What is the

length of the hypotenuse?

" Now draw a right triangle of sides "square root of_e".and 1

unit in length as shown in the figure. "In the figure the

152,
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length of AB is the square root of 2. What is

the hypotenuse of this new triangle?

4-5

the length of
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TABLE

' SQUARES AND SQUARE ROOTS OF - NUMBERS

Square - Square

No Squares roots No. Squares rpots
)3 1 1.000 | 36 1,296 6.000
D 4 1.414 37 . 1 369 . 6.083
3 9 1.732 38 1, oy 6.164
L 16 : 2.000 39 1,521 6.245
5 25 2,236 40 1 600 6.325
6 36 2.449 1 1,681 6.403
4 4 2.646 4o 1, 76# 6.481
8 6 2.828 43 : 1 8&9 6.557
9 81 1 3.000 Wy ,936' .6.633
10 100 3.162 4s - - 2,025 6.708
11 121 3.317 | a6 2, 116 6.782
12 144 3.464 47 2,209 6.%56
13 169 3.606 48 , 2, 304 6.928
14 196 3.742 4g 2, ’ ko1 7 .000
15 225 3.873 50 2,500 7.071
16 256 4. 000 .51 2,601 7.141
17 28 4,123 52 2, 704 T.211
18 32 L 243 53 ' 2, 809 7 .280
19 361 I, 359 54 2, 916 7.348
20 400 L. 472 55 3,025 7.4016
o1 4Ly 4,583 56 3,136. 7.483
22 484 L, 690 57 3,24 7.550
23 529 4,796 58 3, ’36 7.616
2k 576 k.899 59 3,481 7.681
25 625 . 5.000 60 3, 600 T.746
26 676 5.099 | 61 - 3,721 7.810
27 729 5.196. 62 3, 8Lk 7.874
SR 784 5.292 63 3 969 «7.937
29 8h41 5.385 bl 4,096 8.000
30 900 5.477 65 u 225 8.062
31 961 5.568 66 4,356 8.124
32 1,024 5.057 67 y MSg 8.185
33 1,089 5.745 68 4,62 8.246
34 1,156 | 5.831 69 4,761 8.307
35 1,225 5.916 70 | 4900 8.367

e @
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. Square
. No. Squares roots
71 5 041 8. 426
72 5,18u 8.48
73 5,329 8.5u
T4 5,476 8.602
75 5,625 8.660
4 76 5,776 8.718
77 5,9 8.775
78 6 . _ 8.832
79 6,241 8.888
80 6 400 8.9u44
- 81 6,561 - 9.000
82 6, , 72k 9.0"5
83 6, ,889 9.110
84 7, ’ 056 9.165
85 7,225 9.220
86 7,396 . 9.274
A 87 7,562 9.327
88 7,74 9.381
89 7,921 9.434
oTe) 8,100 9,487
91 8,281 9.539
92 8,164 9.592
93 8,64 © g,6hh
9k 8,836 9.625
95 9,025 9.747
96 9,216 9.798
97 9,409 9.849
98 g, 604 g.899
99 9,801 9.950
100 10,000 10.000.




